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PREFACE. 


Tue following Treatise consists of two parts, in the 
former. of which are discussed the general principles of 
the Differential Calculus, and theorems which arise out 
of them ; in the latter, the principles and deductions are 
applied to Geometry, and to the discussion of properties 
of geometrical quantities, both in plane and in space. 
Were the writer’s system carried out to the full, it 
would be necessary to add a third part, containing 
mechanical applications. 

It has been the author’s object to exhibit the prin- 
ciples in a form less repulsive than is usual with English 
writers. With this view, many illustrations have been 
introduced, which may, at first sight, appear extraneous 
to the matter in hand; as, for instance, in Chap. III., 
the Theory of Successive Differentiation and the Inde- 
pendent Variable is illustrated by what is in Mechanics 
the foundation of our means of determining velocity and 
accelerating force. But it is thought that whatever 
tends to present to the student the principles in a 
sensible form, and thereby enables him the better to 
grasp the matter, is not foreign to the purpose. 

The treatise is essentially one of Differentials; it is 
not a Calculus of derived functions, and wherever the 
latter have been introduced, it has been only for the 
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purpose of determining differentials, of which they are 
modified forms. Neither have (with a single exception, 
where the convergency of the series has been proved) 
series been introduced, because we have no general 
means of determining convergency. 

As the greater part of the treatise has been delivered, 
from time to time, in the form of lectures, a colloquial 
style has been adopted. The writer is not aware 
that he is indebted, exclusively, to any living English 
author, for methods which have been inserted ; whatever 
has been extracted from English books has been known 
and published for so long a time as to have become 
public property. But to foreign writers he is under 
many obligations, and especially to M. Cauchy, for 
almost the whole method of treating one of the most 
abstruse parts of the science, viz. the theorems of 
Chap. IV.: and he cannot but acknowledge his debt to 
Professor De Morgan for much valuable information, 
obtained from his large treatise; also, to his friend 
W. Spottiswoode, Esq. B. A., of Balliol College, Oxford, 
the author is indebted for the latter part of Chap. XVI., 
on Curvature of Surfaces. He would add a few words 
on the method which has been pursued. It has been his 
object so to frame the definitions of the technical terms, 
that they should contain, in germ, the contents of the 
articles dependent on them; and that the object of the 
discussion which follows should be to evolve and develope 
the principles and facts which the definitions import. 
Such seems, at least to the writer, to be the true and 
logical method of treating such subjects; and the fol- 
lowing brief sketch of the course pursued at the com- 
mencement will best explain what is meant. 
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We begin by defining the subject-matter of the Cal- 
culus, and deducing from it such properties as are spe- 
cially applicable; for on a just conception of these will 
depend whether we work with mere symbols, or whether 
our symbols are eyusiæ of real philosophical ideas, which 
we understand. Thus we are led to consider continuous 
-= variables, viz. variables insensibly growing, which are 
combined with other symbols, and form continuous func- 
tions. It is of these continuous functions of continuous 
variables that we are about to treat; our means of 
doing so is the Differential Calculus, which is “a general 
method, or system of rules, by which are determined 
corresponding changes of the variables and functions, 
when the variations of the variables are small, and the 
code of laws to which such small quantities are subject.” 
Thus our definition leads us to investigate these small 
quantities ; and the method by which we arrive at them 
is, to consider the difference between two quantities under 
two successive states. ‘This requires a research into the 
theory of such limiting differences; and as they often 
assume indeterminate forms, involving quantities in- 
finitesimally small, or zeros, we are obliged to investi- 
gate the nature of them; which problem presents itself 
under the form of a question, Are all 0’s equal? It 
will appear that they are not, that they are of relative 
magnitude; that there are different orders of them; 
that those of the same order may have a finite ratio to 
one another; that those of different orders cannot; and 
that such infinitesimals are subject to the two following 
laws: 


Two finite quantities, which differ from one another 
by an infinitesimal, may be considered equal. 
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We begin by defining the subject-matter of the Cal- 
culus, and deducing from it such properties as are spe- 
cially applicable; for on a just conception of these will 
depend whether we work with mere symbols, or whether 
our symbols are eyusīiæ of real philosophical ideas, which 
we understand. Thus we are led to consider continuous 
- variables, viz. variables insensibly growing, which are 
combined with other symbols, and form continuous func- 
tions. It is of these continuous functions of continuous 
variables that we are about to treat; our means of 
doing so is the Differential Calculus, which is “ a general 
method, or system of rules, by which are determined 
corresponding changes of the variables and functions, 
when the variations of the variables are small, and the 
code of laws to which such small quantities are subject.” 
Thus our definition leads us to investigate these small 
quantities ; and the method by which we arrive at them 
is, to consider the difference between two quantities under 
two successive states. This requires a research into the 
theory of such limiting differences; and as they often 
assume indeterminate forms, involving quantities in- 
finitesimally small, or zeros, we are obliged to investi- 
gate the nature of them; which problem presents itself 
under the form of a question, Are all 0’s equal? It 
will appear that they are not, that they are of relative 
magnitude; that there are different orders of them; 
that those of the same order may have a finite ratio to 
one another; that those of different orders cannot; and 
that such infinitesimals are subject to the two following 
laws: 


Two finite quantities, which differ from one another 
by an infinitesimal, may be considered equal. 
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Two infinitesimals of the same order, which differ 
from one another by an infinitesimal of a higher 
order, may be considered equal. 


With these-laws before us, we proceed to solve our 
problem, which is the determination of the infinitesimal 
variation of the function due to the infinitesimal varia- 
tion of the variable; and the form which it most conve- 
niently assumes is that of determining a ratio, which is 
called the derived function, and which enables us to 
determine the absolute change of the function due to 
the change of the variable. Thus, derivation is an 
operation subservient to that of differentiation: we 
wish to differentiate, and derivation is a simpler method 
of enabling us to do so. Thus we find small quantities 
_or infinitesimals; on these we proceed to operate, and 
to deduce such properties of them as are applicable to 
questions of Geometry and Physics. 
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DIFFERENTIAL CALCULUS. 


PRELIMINARY PROPOSITIONS. 


i. 


a a Se iis Ča be a series of fractions the numerators - 

REAS, TAE Bes, Oy 

of which are of either. sign, and the denominators all of the 
s 


Ot Oy t Og t +s Fan +, equal to some quantit 
ae SS, EET Sa a 
less than the greatest, and greater than the least, of the given 
fractions, that is, to some fraction which is a mean between the 
greatest and least of the given ones. 

The proof of this proposition. depends on the fact, if both terms 
of an inequality are multiplied or divided by a positive quantity, 
the sign of inequality remains the same, that is, the one that was 
greater before the multiplication is the greater after; but, if 
the terms are multiplied by a negative quantity, the sign of the 
inequality is changed. This is easily shown by an example: 
e g. 5>2. If we multiply by +4, the sign of the inequality 
is unchanged, 20>8; but, if we multiply both by a negative 
quantity, as e.g. —2, the > is changed into a <, —10< —4, 
because —10 is less than —4. 

First, let all the denominators in the above fractions be 
positive; let L be the least and & the greatest of the fractions ; 
then 


Ir 


same sign, then 


a 
sO >< Ly. << | a 
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a3 
bz 


an 


dee Pie. pi 
bn 5 


Multiply these several inequalities by the positive quantities 
bis bas» -Öns the signs are not changed: 
a, >, Ld), < 6b, 
a, > 1Lb,,-< Gd, 
GS E A SS 
therefore (a, +a,+ ... +@,)>Lx(b,+0,+0,+ ..+ + ba) 
<GX(b,+0,+0,4+ -e +5n)3 


a,+a,+a,+ ..+ +a, 


d pt DL at ALE LY Ses 
ee Dade BO, or ee 


> Ly < Ge 


Secondly, let 4,, ba 5;,... bn be negative: 


a 
b, 


Stuy tl ae 
Multiplying by the negative quantities 0,, ba ... Ön, the signs 
of inequality are changed : 

@, = Ub, > dh 


a, < Lb, > Gd; 
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(A, +a, + oe + an) <L X (b, +b, + ee + bn) 
>G X (bi +5,+...+5,): 
and again, dividing by a negative quantity, the signs of ine- 
quality are changed : 


Qi + A, + Ay + e + An 
bi + bj + bs +... +, 


whence the proposition is proved. 


and SL < G; 


II. 


If æi, a, a, ...%, are quantities of the same sign, then 
Ay + gly + Hy + vee yy, is equal to a, +a, + a+ se + an 
multiplied by some quantity less than the greatest and greater | 
than the least of the quantities @,, dy, az ... Ane 

Let L be the least and @ the greatest of the quantities 
G5 Gh My. a, ; 

7G) RE An ee 
6508) >) E A 6 


ü, 8 Sh <= a 


First, let the quantities «,, a, a, ... 4, be all positive, then 
the signs of the above inequalities will not be altered, when the 
several terms are multiplied as under: 

a,a2,18 > La, < Ga, 
Aod IS > La, < Ga, 


e418 > Lid,, < Ga, 


Oty Ay + by Ay + vee + Anan is > L(a tat.. + a), 
< G (a +a + eee Han); 


BA, + hat oe Fanan = (a, + a, + a+ coe + Gn) x some 
mean value of the as. 


Similarly, if «,, a, a,,...¢, be. all negative, may the same re- 
sult be arrived at: and therefore the proposition is proved. 
B 2 
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ITT. 


If there be a series of equal fractions, 9, $2, ... ĉn, then 
cae Dn 
Qta tagt oe An, 


i d, if m,, 
each of these is equal to Gee REE a Ts and, if m,, mg, 


Mgs e Mn be any multipliers, to mM, b, T Mybs Eg mbs Feet Mabn ; 
Mar ta? + u Han) 
Mb + P+ oe HDn) 


For let each fraction = r 


and to 


al e e n Lar 
eek... ee bn 
Pn a Rg ma, = m,b,r OAE od Bd 
a, 0,7 My Ay = My bP af Sher 
iia Aes 2 — h 2y2 
a, =6b,r MA, = My bgr RESOR 
Oa Sbt My An EMOT Aa EDENE 
therefore, by addition and division, ` 
rae Ot a ta t ereeee Han _ MQ F Malat «ores Myan 
Dy tbat bg Finesse F On mb +m, ba + ...... +m,b, 
_ vlatap + coven On?) My _ Ay ruka 


— V(b? + Da? + voeeee + by”) ca b, b, ETET) b, ; 


and the proposition is proved. 


IV. 


When three unknown quantities are involved in three equa- 
tions of the following forms, a convenient method of obtaining 
the value of any one of them in terms of the constants is that 
given below : - 


aetbhy+ez=d, (1) 
A, t+ boy + cz = d, (2) 
a,x+b,y + cz = dy. (3) 
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Multiply (1) by ^» (2) by ^» (3) by A,, and add: 
(a Ay + aa No F ag Mg) + (bi N + ba Na + bs M) Y 
+ (c, M + Cy Ag F C3 Ag) Z = di M + da No + dg Nge 
As we have introduced three undetermined quantities, A, Aos 
- Ap We may make three suppositions respecting them. Leaving 
one to be determined afterwards, let two be, that the coefficients 
of y and z shall in the above equation be equal to zero; viz. 
BA, + ba A + ba Ag = O 
Ci A + Cao F Ca Mg = 05 
whence by elimination, 
pC. ETE Oe: TR 
by C3 — tab; b,c, — C35, KI bieo — ibg? 


the last following from the symmetry of the formulæ. Thus it 
appears that only the ratio of the multipliers has been deter- 
mined, and therefore there are an indefinite number satisfying 
the conditions we have made. To put them into the most simple 
form, let us introduce the third supposition, that each of these 
ratios be equal to unity; therefore 

A, = b C3 — C25, 

A, = bz 6 — C3 5, 

A = bi Ca — C1 b353 
and therefore 
sie d, (b,¢,—¢,bs) +d,(b3e,—¢,b,)+ d;(b,c,—¢, by) 

a, (b¢,— Cys) + aa (b3¢,—¢5b,) + a3(b, c3 — c, b3)? 


x 


and similar values for y and z. 

This method of elimination is generally known by the name 
of Lagrange’s rule of cross multiplication; the mode by which 
the forms of the multipliers have been determined is called the 
method of indeterminate multipliers, on which subject more 
will be said in Chapter VII. 


B 3 
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PART si 
Analpttcal inbestiqations. 


CHAPTER I. 


GENERAL PRINCIPLES, AND EXPLANATION OF TERMS. 


1.] THE quantities which are used in the following treatise, and 
which are the subject matter of it, are of two kinds, variable 
and constant. 

A constant quantity is one which we suppose to have the 
same determinate value during a given operation, although in 
another operation, or under another mode of considering it, it 
may be supposed to vary. 

A variable quantity is one which we suppose capable of 
receiving values different from one another; such a quantity 
may vary in two ways, either continuously or discontinuously. 

A quantity varies continuously when it passes from one value 
to another only by going through all intermediate values; 
that is, it changes gradually, not “per saltus,” to use the lan- 
guage of the Principia; and it may consequently receive any 
intermediate value at pleasure: but a quantity varies discon- 
tinuously, when it passes abruptly from some one value to 
another, without going through all the intermediate values. 

Thus, for instance, if we consider a circle, and pass along the 
curve, we do so continuously; for we cannot go from one point 
to another without going through all the intermediate points. 
So again, if a body has moved from one position to another, it has 
been in all intermediate positions; it has not passed abruptly 
from one place to another, but it has occupied a series of places 
between them, and has moved along a certain determinate and 
continuous line: but if we consider a variable quantity of such 
a nature as to admit only of values differing one from another 
by certain determinate quantities, and not admitting of values 
intermediate to these, then such a variable is discontinuous; as, 
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for instance, if a variable quantity admitted only of values 
corresponding to the integral numbers, 1, 2, 3, 4, &c., it is dis- 
continuous. 

This may be thus illustrated. If we consider only the parts of 
the paths which meet the surface of the earth, the line generated 
by the crawling motion of a worm is a continuous variable, and 
that marked by the hopping motion of a frog is a discontinuous 
one. 

It is of continuous variables only that we shall speak in the 
following treatise, and it is plain that such variables may 
increase or decrease by very small quantities: in this remark 
lies the germ of the calculus. 

2.] When one or more of such variables and constants are 
combined in an analytical expression, then that expression is 
said to be a function of such variables: if one variable quantity 
is involved in the expression, such expression is said to be a 
function of one variable; if two variable quantities are involved, 
a function of two variables; and so on. Thus, e”, log (a+ bz), 

/(a?—x*), are functions of one variable, x; e+’, sin (ax + by), 


z2 
are functions of two variables, v and y; +442 a is a func- 


tion of three variables, x,y,z, and soon. Functions are desig- 
nated by the symbols F, f, ¢, y. Thus f (x) means a function 
of one variable, z, combined or not, as the case may be, with 
constants; F(x?) means a function of z?; (x, y) symbolises a 
function of two variables, W(x, y, z) a function of three variables, 
and so on. These letters are the general types or symbols of the 
-yarious forms in which the variables can be combined; they 
are the analytical symbols of the laws by which the variables 
are related; thus ./(a?—.”), sin z, e, would all be symbolised 
by f(z); log (x+y) by f (z, y). 

3.] Functions are divided into two classes, explicit and im- 
plicit. If by any artifice or operation, as, for instance, by an 
algebraical resolution of the expression, one variable can be 
expressed in terms of all the others, then this is said to be an 
explicit function of them; but if the equation be not solved, and 
the variables remain involved in one expression, then the func- 


tion is said to be implicit. Thus, for instance, y= /(a?—2”), 
y=sin z, each of which is of the form y= f (2), are explicit 
BA 
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functions of x; but ~ a 


(e being a constant), is an implicit function of two variables: 


= 1, which is of the form F (x, y)= c 


2 2 2 
. X 2 . . . . . 
so again, +2. 2 —1 is an implicit function of three varia- 
A A MEA 


n2 2 
bles of the form F (z, y,z)=c; whereas z=c/ (1 —- A -%) ’ 
which is of the form z= f (x, y), is an explicit function of two 
variables. Implicit functions are often expressed in the form 
u=F(x, Y, %,)=c or 0, as the case may be. 

Functions have again been divided into two classes, alge- 
braical and transcendental: the former being those functions 
which involve the operations of addition, subtraction, multiplica- 
tion, division, involution, and evolution; the latter where the 
operations symbolised are such as e*, log. x, sin x, seca. This, 
however, is a division not necessary to our present purpose. 

Functions, again, may be simple or compound, that is, accord- 
ing as one or several operations (the results of which are the 
functions in question) are involved. Thus, y = sin z, y=log, x 
are simple functions of x; but PaE sin z, y =e" a are com- 
pound functions. 

It is necessary to observe, that, if two functions are repre- 
sented by the same functional symbol, they are formed in the 
same manner by means of the variables which they involve. 
Thus, if f(«)=sin z, f(y)=siny; if f(2)=e", f (y)=e™. 

4.] Functions may be either continuous or discontinuous. A 
continuous function is subject to the two following conditions: 

Ist. As the variable gradually changes, the Function must 
gradually change. 

2d. The By symbolised by the functional character must not 
abruptly change. 

When these two conditions are not satisfied, the function is 
discontinuous. 

Thus, for instance, both conditions are fulfilled in the func- 
tions 

y=axrt+hb 


j | ; in which, as the variable x changes, the value of 
y=sin x 
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the function also changes, but it changes gradually, and there is 
no abrupt passage from one value to another; neither does the law 
symbolised by the functional character change, it remains the 
same: but, if the function were such as to express a curve of the 
form in the diagram fig. 1., so that BA should be a continuous 
curve drawn after some determinate law, but at A the law 
suddenly should change, and the curve, from being, say, a circle, 
become a straight line, then neither of the above conditions is 
satisfied, and the function is discontinuous. A is called a point 
of discontinuity. As an instance of a function of this descrip- 


tion the following may be mentioned. It may easily be proved 
that 


sin (e-f) 
cos a + cos (« + 8) + cos (x +28) + ... ad infin. = — — £ 
2 sin Ss 
: 2 
Suppose that «= : , then the series becomes 
; 0 
cos « + cos 3a + cosa + ... ad infin, eae 


but if « = any multiple of 7, then the sum of the series assumes 


+ 3 (0) $ 
the indeterminate form 0 .* Hence we have this remarkable re- 


sult, each term of the series varies continuously with æ, but the 
sum of the series varies discontinuously, being always zero, except 
when «& passes through some multiple of 7, when the sum of the 


: OO 
series suddenly and abruptly becomes: g? $e some unknown or 


indeterminate quantity. On this series see some more remarks 
in page 18. of Mr. O’Brien’s Mathematical Tracts, to whom I 
am indebted for the above illustration. 


RE i ‘ i 
+” That g $$ indeterminate, as far as the expression shows, is hence apparent ; 
it is that quantity which is equal to 0, after it has been multiplied by 0; and since 
every quantity multiplied by 0 is equal to 0; therefore z may, a priori, be any 


quantity. It does not, however, follow that any quantity will satisfy the con- 
ditions of the particular problem under consideration; hence the actual value of 


0 ; ; : ‘ 
g may possibly be determined: but of this more hereafter, when we come to 
treat generally of such indeterminate expressions, 
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We proceed, then, to consider the properties of continuous 
functions of continuous variables, of which only we shall treat ; 
and, if discontinuous functions are introduced, we shall consider 
them only for those values of the variables for which they are 
continuous. Let us first consider the simple case of an explicit 
function of one variable, viz. y =f (x). 

The law of continuity expressed in the sentence “non agit 
per saltus ” implies that « may vary by quantities as small as we 
please; and the law of the continuity of the function implies 
that the variation in the function due to the small variation of 
the variable is continuous. As, for instance, if y=f(x) were the 
equation to a plane curve, we might pass from one point to the 
next consecutive point on it, and such two points would be those 
through which a tangent would pass; or, if we consider a curve 
to be generated by a moving point, the motion being regulated 
by some law, and being carried on during a finite time, 
and the time to be resolved into very short instants, then the 
space passed over during one of these instants is the small 
increase in the length of the curve, and the projection of this 
small quantity on the axis of æ is the quantity by which we 
consider « to have changed: it is plain, then, that the variation of 
y or f(x) due to the small variation in the value of æ will, in 
general, be continuous. The same will be true of functions of 
any number of variables. 

5.] The Differential Calculus is a general method or system 
of rules by which are determined the corresponding changes in 
the variables and functions, when the variations of the variables 
are small; and the code of laws to which such small quantities 
are subject, and conformabiy to which they may be applied to 
questions of geometry and physics. 

The symbolisation we employ is as follows: 

A is the character which indicates a finite EREA of the 
variable of the function ; thus, Ax symbolises the finite augment 
or increment that v receives, and Ay the corresponding finite 
change in the value of y or f(x), viz. 

Ay=f(e+Ax)—f(«): 
this will in general be finite also.* And, when these augments 

* Ax may be negative; in which case it might, perhaps, be more properly 

called a decrement ; but in the following treatise we shall use the words augments 


and increments to express the variations in the values of the variables, whether 
such variations cause them to increase or decrease. 
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become very small, let d be the character to symbolise them, 
so that dx and dy are the corresponding small variations in v 
and y; hence we have 


dy =f(x+dz)—f (2): 
A being the symbol for difference, and d for differential or small 


difference. Similarly, if we are considering a function of seve- 
ral variables, as e. g. 


USNE E si. 
we shall use the characters Au, Ax, Ay, Az ..., to symbolise the 
several changes in the functions and the variables when they are 
finite; and du, dx, dy, dz ..., when the changes are very small. 
6.] The first object, then, of the Calculus is to determine 
dy =f (a+ dx)—f(x), | 
when dz is very small; and the most convenient method of doing 
this is to determine the ratio of the change in f(x) to the change 
in v, when «v varies by a very small quantity, that is, to determine 
d f (2) 
dx 


—- >- when dz approaches to zero, or, in other words, differs 
from zero by a quantity less than any assignable quantity. 
Since aa =i, it is plain that as dx becomes 
x x 


very small, this quantity approaches more and more nearly to the 
0 


fi => a 
orm 5 


7.] The quantity towards which any expression converges for 
certain values of the variable or variables on which it depends 
1 
lr 
that is, although for every value of x greater than O it is less 
than I, yet the nearer x approaches to 0, the less becomes the 


is called its limit. Thus the limit of is 1, when z = 0; 


. 1 . . 
difference between Pa and 1: so again, as v increases, the 
z 


quantity becomes less and less; and finally, when x becomes very 
large, the quantity is very small; and when z is greater than any 
finite quantity, that is when x is infinite, the fraction is less than 
any finite quantity, and assumes the value zero or 0: so again, asx 
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approaches to — 1, the difference between the fraction and : is less 
than any assignable quantity: or again, to take another instance, 
the limit of tan x is — ; when x= — 90°, and 0 when «=0, and 


+ z when x=90°. Sometimes the limiting value of an expression 


—r? 


2 
; E EEn, 
assumes an indeterminate form: as, e. g., the fraction ; 


Q — t 
when x=a, becomes 5 (of which, however, the real value is 2a, 
as might be found by actual division); so, again, the value of 


‘ert Ede ICD approaches to 5 as dæ approximates to its limit 
x 


I 
. ° . o ° 
0; another indeterminate form is 1 , as, for instance, the value 


1 
of (1+-2)*, when x approaches to 0. A fraction, it appears then, 


(0) - 2 . 
assumes the form 5 from its numerator and denominator be- 


coming 0 simultaneously. A question then arises, are all 0s equal? 
because, if they are, the above fraction =1; or are they com- 


mensurable, so as to have a finite ratio? because, if so, efi) 
x 


may be a finite quantity: on this subject we speak as follows. 


8.] If any quantity be divided into a number of parts, equal 
or not equal, as the case may be, the larger the number of parts, 
the smaller is each part; and if the number of them becomes in- 
finitely great, then each part becomes infinitely small: and the 
nearer the number is to infinity, the nearer does each part ap- 
proach to what we may call the zero of its kind. When a finite 
quantity is thus resolved, then each part is called an infinitesimal; 
the word infinitesimal implying a relative term which imports 
the number of these infinitesimals which are required to make 
the finite quantity, which relative term we call infinity: and the 
relation of the terms is, that the particular infinity of the particular 
infinitesimals must be added together to make up the finite quan- 
tity. Thus, then, we may say that a finite quantity is an infi- 
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nitesimal infinitely quantupled; or that infinity is the number of 
infinitesimals into which a finite quantity has been divided. It 
is hence plain, also, that these terms are the reciprocals of each 
other; thegreater the number of parts, the less is the infinitesimal; 
and the less the infinitesimal, the greater the infinity. Again, 
in the same manner as we conceive any magnitude to be thus 
resolved into a very large number of very small parts, may we 
conceive that each of these parts admits of a similar resolution: 
we may divide each into sucha large number of such minute 
parts, that an infinite number of them would be required to be 
added together to make up the whole; so, again, may we con- 
ceive each of these to be subdivided. Performing similar pro- 
cesses on these parts successively, we arrive at different orders 
of infinitesimals, and, of course, of infinities. One of the great 
objects of the Calculus is to compare these, and on this subject 
more will be said hereafter. It is, however, plain, that under. 
this conception all infinitesimals are not equal, nor are all infi- 
nities; neither have all infinitesimals a finite ratio to each other. 
To illustrate what has been said, let us consider the following 
convergent series in geometrical progression : 


Ree 1 


. Tot 1927 108°" ad infin. 


We know by simple division that the sum of this series is = 


There are an infinite number of terms, and yet the sum of them 
is finite; why isthis? It is because the terms are becoming 
less and less; that is, are becoming such small quantities, or infi- 
nitesimals, that an infinite number of them are required to be 
added together to make the finite sum. The last terms of the 
‘series are becoming inappreciably small; and, if we were to 
neglect a finite number of them, no sensible error would be 
caused in the sum of the series. This, then, illustrates what 
we have said, that a finite quantity may be resolved into an 
infinite number of small parts, each of which is called an infi- 
nitesimal, and is so small that nothing short of an infinite number 
will produce an error appreciable in reference to a finite quan- 
tity. In the same way, also, it is conceivable that a finite 
quantity may be but an infinitesimal part of some magnitude 
infinitely greater than itself; as, for instance, twice the earth’s 
radius may be an infinitesimal compared with the distance of 
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any fixed star of which the parallax has not been discovered. 
More, however, will be said on this subject, and on the geome- 
trical conception of it, in a future chapter. Now, although the 
form which these quantities assume is 0, it is ever to be borne 
in mind that they are not absolute zeros, they are quantities 
subject to the laws of Algebra, as any other symbolised quan- 
tities are, not creatures of the mathematician’s imagination (see 
Poisson, Traitéë de Mécanique, vol. i. edit. 2de), but real 
quantities, and to be dealt with as such. Whenever we con- 
sider the variations of a quantity or function subject to the law 
of continuity, and consider it in two immediately successive 
states, the difference between the two successive values cor- 
responding to these states is an infinitesimal of the kind we are 
considering, and is called a differential; and these differentials 
are, of course,.so small that it requires an infinite number of 
them to make a finite quantity: and successive orders of diffe- 
rentials may be obtained in the same way that orders of infini- 
tesimals are obtained; we may resolve a differential, small 
though it be, into an infinite number of smaller quantities, and 
each of these again in a similar manner. 

If, then, we have infinitesimals, such that one is twice or three 
times or half another, that is, such that they have a finite ratio 
to each other, then they would be of the same order: but if 
there are infinitesimals bearing such a relation to other infini- 
tesimals that an infinity of the former must be summed to con- 
stitute a quantity bearing a finite ratio to the latter, these would 
be infinitesimals of different orders; and the object of a future 
chapter will be to determine the relative orders of infinitesimals. 
Hence it appears that there will be a scale of infinitesimals and 
infinities in regular order, such that an infinitesimal of the 
(n—1) order must be infinitely subdivided to produce one of 
the n order, and infinitely quantupled to produce one of the 
(n—2)" order. Infinitesimals of each order, then, in the fol- 
lowing scale, bear such a relation to those on either side of it,, 
that they are infinitesimal parts of the one, and the aggregate of ~ 
an infinity of the other. Assuming that what are commonly 
called finite quantities are infinitesimals of the order 0, as we 
shall by this means have a fixed standard to start from, and 
symbolising infinitesimals and infinities by the powers of 0, 
which is the form such quantities assume, we have the following 


scale : 
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12. 0%, ea . . 03, 0%, 01, 0, O-1, 0-%, 2... 0-7, O-@+D, ., 


and which are subject to the following laws : 

I. Two finite quantities, which differ from one another by an 
infinitesimal of any order, are considered as equal, because it 
will require an infinite number of infinitesimals to constitute a 
finite quantity (the infinity being of the same order as the infini- 
tesimal); and, when this infinite number is taken, the quantity 
is no longer an infinitesimal, which is contrary to our hypo- 
thesis. Hence, then, pari ratione, 

II. Two infinitesimals of the same order, which differ from 
one another by an infinitesimal of a higher order, are considered 
as equal. 


9.] The form, then, which these two rules practically assume is 
this. In any expression involving finite quantities and infini- 
tesimals (always bearing in mind that the coefficients of such. 
infinitesimals are not infinite), the latter may be neglected, and 
the results, affecting only the finite quantities, will be rigorously 
exact; the same will, of course, be true of infinitesimals of any 
order. Now we are not required to determine of what order 
absolutely any infinitesimal is; only to assure ourselves what 
quantities may be neglected in the expressions without affecting 
the truth of the result: this we can do by dividing through by 
an infinitesimal of any order, and then discarding those terms 
which are of the form 0, as in the following example. Suppose 
B, æ, i to be infinitesimals, and A to be a finite coefficient, and 


A= binds 
Boats 


The last term may be neglected; as being an infinitesimal ; 


A being a finite quantity, and £ being of the indeterminate 


form 5 » which may be a finite quantity, and therefore is not to 
be neglected ; whence we have 
-= A. 


a 
It is plain, then, that infinitesimals of a higher order may be 
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neglected without affecting the truth of the results we arrive 
at; and it is plain, also, that all infinitesimals of the same order 
need not be equal; they may have a finite ratio: and there- 


fore, when the limit of any expression is of the form : if the 


infinitesimal in the numerator is of a higher order than that in 
the denominator, the result is an infinitesimal; if of the same 
order, the result is a finite quantity ; if of a lower order, the 
result is infinity. 

In considering, then, the corresponding small variations of 
the function and the variable, in the case of the simple explicit 
continuous function 


y=S (2), 
although BSC Sa Bt , which is equal to i > When dx 


- ; OF ry ey ss 
=0, assumes the indeterminate form D? it will in general be 


a finite quantity, which if we can determine, we shall know 
the absolute change in the function due to the change in the 
variable. 
Let us symbolise this ratio, when dz is very small, by f'(x), 

so that we have 

Ay = f(zt+Ax)—f U), 

A? (x+ Axr)—f (z 

Au va ads df" (x) +R3* 


R being a small quantity which =0, when Ax becomes d v, 
whence 


dy ‘ 
= Se) 
and = ws. dy=f'(x). dz. 
f'(x) is called the derived function, and is so related to x and 
Ff (x), that, when we know it, we have determined the absolute 


change in f (x) due to the change of x. It is also called the dif- 
ferential coefficient, being the coefficient of dæ in the equation 


d.f (a) =f'(a). dx. 


* When Az is not small, R has generally some definite value; the value of 
which we shall determine in a subsequent chapter. 
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10.] The operation by which this derived function is deter- 
mined is called derivation, and that by which the differential of 
the function is determined is called differentiation ; the imme- 
diate work of the Differential Calculus is to carry out these 
operations. In the following pages we shall determine which- 
ever of the two is most convenient, but for the most part we 
shall differentiate ; because differentials are in themselves more 
tangible, and because the determination of the variation of a 
function of several variables depends on them. 

11.] The problems which are proposed for solution are such 
as the following : 

Ist. Suppose we had given y=’; it is required to determine 
the change of value of y or x°, due to a small change in the 
value of x. 

Let «x represent a straight line, then x? or y represents a- 
square, of which «=AP is a side; see fig. 2. Suppose the 
side x to be increased by a quantity Ax=PQ, then from the 
figure it is plain that the square is increased by the rectangles 
DB, BQ, and the square BR, the values of which are æ x Aw, 
x x Ax, (Ax), whence 


Ay = 2x Ag+ (Ax). 
Suppose that PQ is very small, so that Ay, Aa become re- 
spectively dy, dæ, then i 

dy = 2xdx+dx?, 


and as dæ is very small in comparison with x, i.e. as dæ is an 
infinitesimal when z is a finite quantity, dæ may, in accordance 
with the laws at the end of Article 8., be neglected, and we 
have 

— = 22, 


dx 
« dy=d.e2=22da, 


the geometrical interpretation of which process is this: æ dz 

symbolises approximately a straight line, of which the length is 

x, and the breadth, if one may so speak, is dx; but dx? repre- 

sents a square whose side is dæ, and as this is an infinitesimal, 

it represents a point, and as it will require an infinity of such to 
e 
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make a straight line, and as the coefficient of dæ is not infinity, 
we may neglect it; that is, in calculating the enlargement of 
the square due to the enlargement of a side, we take account of 
the infinitely narrow rectangles which adjoin the sides, but 
neglect the small point which is required to complete the square, 
and which is situated at one of the angles, as at B, and no 
appreciable error is committed by our so doing. Or if we intro- 
duce the idea of motion, the enlargement of the square is due 
to the moving forwards of the two sides PB and CB, and the 
rectangles by which the square is increased are the several spaces 
passed over by the sides, which are the spaces contained between 
the lines before and after the motion; and as the spaces through 
which the lines have passed are very small, the lines being con- 
sidered to be in two immediately successive positions, the small 
element at B becomes a point, and, as we have not an infinity of 
such points, the accuracy of our result is not affected if we 
neglect this small quantity ; and therefore, again, the increase 
of the square due to the increase of the side is 22dx, This 
is algebraically solved as follows: 


yoxrR?, i. ytAy=eHaey 
.. by subtraction Ay=(#+Ax)?—2? 


= 2x Axc+Ax’, 
co S i 
eh ae 224+Ax; 
and taking differentials instead of differences, we have 
dy 
dae 


.. dyad, =2a de. 
2d. As a second example, let the given function be, 
y=sin a, 


æ being the arc of a circle whose radius =1; it is required to 
find the small variation in the value of the sine due to a small 
variation of the arc. See fig. 3. 


Let arc AP = x, n MPesie=y, 
are PQ= Ad, . NQ=sin (x+ A4) =ytAy; 
.. by subtraction Ay=A.sinx=NQ—MP=QR. 
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Now, when the increment of the arc PQ is very small, PQ is a 
straight line, becoming, in that case, the line drawn between 
two points in the circle which are indefinitely near to each 
other, and then Aw becomes dx, and the angle QPC is a right 
angle. 
*, QR = PQ sin QPR = PQ Cos RPC = PQ Cos PCA; 
*, QR=Axcos2; 


-, A.sin x = Ax% cos a, 


and d . sin x = cos ada; 
d.sin x aba 
ae.) ‘ 


whence it appears that the differential of sin x is cos x da, and 
the derived function is cos z. 


3d. As a third example, let us take the following. The tangent 
to a curve being defined to be the straight line which passes 
through two points in the curve which are indefinitely near to each 
other, it is required to find the equation to a tangent to a circle. 
Let the equation to the circle be . 


pte = a; 
and let n and & be the current co-ordinates to the tangent, and 


(x y) (x y’) the co-ordinates to the two points through which 
the line passes; then the FA to the line is 


n—y = YAY (E-a): 
but when the two points are a ee near to each other, 
y'—y and z’— x become infinitesimals, and their ratio assumes 
the indeterminate form 5i the value of which we can thus de- 


termine: 
y? +2 = a, 
YHL = a’, 


(y’—y) (y' +y)+(«’—2) (x! +2) = 0, 


20 GENERAL PRINCIPLES, ~ [12. 


and therefore, when y’=y and 2’=z, 


and the equation to the tangent becomes 
x 
n—y = —~ (§—2) 
y > 
which, after reduction, becomes 


nytEx= a’, 


Thus it appears that although the two points in the circle 
through which the tangent passes are indefinitely near to one 
another, the distance between them being an infinitesimal, and 
therefore dy and dx the projections of this distance on the axes 
of co-ordinates being generally infinitesimals also, yet these have 
a finite ratio, and this ratio being determined we are enabled to 
draw a tangent to the circle. 


12.] We proceed, then, to the construction of rules for the 
determination of such quantities from general forms of functions, 
but before doing so it is necessary to evaluate algebraically the 
two following functions of x, which, when 2=0, assume indeter- 
minate forms. 


1 
Lemma I. The Evaluation of (1+.2)* when z = 0. ` 
By the Binomial Theorem 
od n(n—1) >, n(n—1)(n—2) 5 
(1+2) a A Br a a E ait Sere ee ue w+ &e. 


7 
z 


1i 1 sl 1 

oa id) 
T NT 2 T \T ei 
— m Tt 


—2) 
1 
(ite) St. e+ ro a ae ea 8 + &e, 


1+7 aros — 22), 


=141 
Ai. 6: gure B. 


Suppose that « were some small positive fractional number, it 
is plain that each factor in the numerators of the several terms 
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of the series is less than 1, and therefore no term being negative, 
the whole series is greater than its first two terms, that is, is 
greater than 2; and since 
1 A aot 
3=1+ FS a 1+ 3 +a ta + &e. 

each term of which after the second being greater than the cor- 
responding term in the series above, the whole series is greater ; 
and therefore, when x is a small positive fractional number, 


1 
(1+.)’ is equal to some number greater than 2 and less than 3. 

Let x = 0, and we have . 
l 1 1 


E 1 
Oris S tacg* aa aa braa th 


which must be summed arithmetically as follows: 


1 aman 
l =  1-0000000 
ZA = 5000000 
13 = -1666666 
eer = 0416666 
— = -0083333 
S = 0013888 
aer = -0001984 
oe = 0000248 
eas ‘0000027 
| =a = 0000002 
1+1+ 4 +8. = 2,7182818 &e. 
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the correct value to seven places of decimals. This arithmetical 

quantity, which is not commensurable with any digit of the 

common scale of notation, and which is the base of the Napierian 
logarithms, is symbolised by e; so that we have 

1 

(1+0) = 2°7182818 


= e: 


and, whenever we meet with e, it is to be borne in mind that it 
is the symbol for this numerical quantity. 
If x were a small negative fractional quantity, then 1+w is a 


2 1 ; 
positive quantity less than 1; let 1 + z = rg where z is a 
small positive quantity less than 1, and becoming O at the same 


time with x; then 


i 1\-= l+z TES 
j EAN Aiea Rie T aa = 
(+a) Ga (+2) { +z) 
which, when g =0, becomes e. 

Hence we conclude that when « is a small positive or nega- 

1 

tive quantity, approximating to 0, (1 +x)” approximates to the 
value e, that is, differs from e by a quantity less than any 
assignable quantity, when v diminishes without limit. 


Lemma II. To determine the relation between tan x, æ, and 
sin. x, when « is less than any assignable quantity. 


Let AP (see fig. 4.) be the arc of a circle whose radius = 1, 
and let the are AP = x, « being the circular measure of the 
angle PCA; AT is the tangent and Pm the sine of the are. At 
P draw a tangent to the circle, viz. PT’, and draw the other 
lines as in the figure; then, since TPT is aright angle, TT’ is 
_ greater than PT’, 

AT >AT’+ TPs 


and because two sides of a triangle are greater than the 
third, 
RT + T'S > RS; 


à fortiori AT > AR + RS + SP; 
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and similarly, if tangents be drawn to the arc at points between 
A and Q and Q and P, it may be shown that the sum of all the 
lines similar to sR is less than aT; but the limit of all such 
lines is the circular arc, therefore AT is greater than the are. 

Again; the chord AP is greater than PM, which is the sine 
of x; and PQ + QA is greater than AP; therefore 


PO- OA > PMs 


and, drawing other chords from A and P to intermediate points 
on the arcs, it may be shown that the sum of such chords is 
greater than the chord AP; and therefore, à fortiori, than PM; 
and, the are itself being the limit of such chords, the are AP is 
greater than the sine pM. Therefore the arc is greater than 
the sine of the are, and less than the tangent. 
Again; we have 
Sn * = cose = 1, when x = 0; 
tan x 
*, sin z = tan x, and therefore =, since x is intermediate 
to sin v and tan xz; therefore when z= 0, the ratio of the sine 
the arc and the tangent is one of equality, and we have 


sinz = tan s = 2, 


sinx _ tany -sinz 
x Po ae} 
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CHAP. II. 


THE CONSTRUCTION OF RULES FOR THE DIFFERENTIATION 
AND DERIVATION OF FUNCTIONS. 


In the following processes particular attention must be paid to 
what has been said in Art. 9. of the former chapter, as the ac- 
curacy of the results entirely depends on the fact, that no error 
is committed: by neglecting infinitesimals such as R in that 
Article. 

For examples illustrative of the rules which are here deduced, 
the reader is referred to Examples of Processes in Differential 
Calculus, by Mr. Gregory, Cambridge, 1841, and to Examples 
of the Application of the Differential Calculus, by the Rev. J. 
Hind, Cambridge, 1832. 


13.] The Differentiation of a Constant connected with a Func- 
tion of a Variable by the symbol of Addition or Subtraction. 


Let y = fate 
ytAy=f(erAz)te; 
by subtraction Ay = A{f(«)+c} =f(#+Ax)—f(2): 
Ay _ f(@+Az)—f (2) 
Ax Ax g 
dy. 3 
an =f (x), 
dy = dif (8)+ 6) = f(a)de. 
Therefore, if a constant be connected by the symbols of addition 
or subtraction with a function whose variation is to be calculated, 
it disappears in the process of differentiation. 
14.] The Differentiation of the Product of a Constant and 
Function of a Variable. 
y = of (2), 


ytAy = cf(«+Ax); 
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by subtraction Ay=A.cf(a)=c{f(at+Ax)—f(2)} : 
_ e Tetas, 


Az 


OP, dscf (x): __ 
Als: BAEC) efa), 


dy = d. saan ii Seada: 
o E T = ae M2) — TO) 


dy =a} a =T kejdz 
1 
TTET 


Therefore a constant connected with a function of a variable by 
the processes of multiplication or division is not affected by 
differentiation or derivation. 


Ex. Suppose c = — 1, 


y = =f le) 
— f(x _d. x 
gat) MO fo 


dy =d{—f(«)} = yo = — f'(x) dz. 


15.] Differentiation of an algebraical Sum of Functions of 
Variables. 


y =f (2) + F(x) + (z) + &e 
y + Aya=f(a + At) + F(a + Az) t+ p(z + Az) +t &e. 
Ay =f(@ + Ax) —f(x) + {r (@ + Az)—F@)} 
+ {p(z + Ax) — p (r)} + &e. 


Ay _f(@+ Az) —f(e) , PEt As) FC) 
Ae Le Ax 


+ $+ $: TOE )— (2) oa 
Ax 
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W =f’ (2) + P(E) + (2) + Be. 


dy = f’(x)dx + ¥'(x)dx + ¢'(«)dx+ &e. 
= d.f (£) + d.F(x) + d.o(x) + &e. 


Hence the differential of a sum of functions is equal to the 
sum of the differentials of the functions, and the derived 
function is equal to the sum of the several derived functions. 

From the last two Articles it is plain that if the function to 
be differentiated be of the form 


y= et V(—-1)¢ @), 
one of the functions being what is commonly called impossible, 
dy=d.f(«r)+ /(—1)d.¢ (x) 
=f(2)dx + V(-1) ¢(a)des 


I LfN) + V(—-l) 9p) 


Whence it appears that, in the differentiation of impossible 
quantities, we may treat the symbol of impossibility in the 
same way as we treat an ordinary constant or symbol of 
affection. 


16.] Differentiation of a Product of Two Functions. 
y=f (x) x (e) 
ytAy =f(r+Axz) x o(4+Az), 
Ay=f(et+Ax) x e(a@t+ Ax) —f(x)x 9 (2), | 
= {f (e+ A2)—f(0)} (2 + Aa) + {p (2+ Ae) — 
pay f(a) 
by the addition and subtraction of ¢ (x+ A.) xf(2), 


Ay flet nant pria) {t aai ANS) pray 


Ufe) x p) +e) x SE) 


dy=f'(x)dxx¢(«)+9(2) dex f(x); 
dy=d{f (x) x9 («)} =d. f(x) x9 ()+d. p (4) xf (2). 
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Hence it appears that the differential of the product of two 
functions is the sum of the product of each function and the 
differential of the other. 


17.] Differentiation of the Quotient of Two Functions, 


S) 


XAY 
S(@+Az) . 
y+dy= Tet wa)" 


Ay = 6 (e+ Az) 9(2) 
_ f(et+ Ax) o(2) —f(2) 9 (x + Az) 
~.. @@e@+Asy 


_ {f(a@+42)—f ehel) {9 (@+ Aa)— a) KSE) 
p (1) (a+ Ax) 


ay feral) (2) —PETAD— 9) (9) 
BE RNa $ (2)— (@ + Aa) 
S'(2) (x) — AOR OR 
an {9 (x)}? 
a Sf (2) _ J () dx¢(x)—¢ (a) da f(z). 
ay= ay pla) ZO 


_ ad. f (x)9 (x) — d.9 (x) f (2) 
{9 (x)}? : 


18.] Differentiation of a Compound Function. 


It is to be observed that we have been calculating the vari- 
ation of a function of z due to a small variation of x, and the 
only condition to which z is subject is, that it is a continuous 
and finite variable for the values which are assigned to it. Now 
this condition may be fulfilled if x be replaced by a continuous 
and finite function of x or of any other variable, in which case 
y will vary in consequence of a variation of this other function; 
and this other function may of course vary in consequence of 
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the variation of the variable of which it is a function; and so 
on: when this is the case y becomes a function of a function 
of x, or a function of several functions of xv, and the differential 
of y is calculated as before; but the differential of the quantity 
under the first functional symbol must be replaced by its 
equivalent under this new supposition. 


Thus, if ya Pe), 
dy=f"(2) da; 
but if x is replaced by ¢ (x), then dx must by replaced by 
d. (a), i.e. by 9’ (x) dx; and therefore, if 
y =f E) 
dy =f’ ip (x)} p'@) dz. 
And so again, if ẹ (x) were a function of some other function 


of x, as for instance, if ¢ (x) were replaced by {Y e) , then 
d.p (x) must be replaced by d.o{b(z)}, i e by o’ {bh (x)} 
)'(~)dx, and similarly if we had to differentiate a function of 
a function, &c. (to n functions) of 2 Suppose, then, we adopt 
the following symbolisation : 


gah (2) where. z=6(2), 


dy =f’ (z)dz dz=9(x)dx; 
dy =f’ (z) ¢’(x) da, 
=f’ {9(e)} ¢"(e) da, 
which we may write under the form 
pady dz 
Y= da de 


Ea yy = Fen), dy =F (cz) d(ce) = ef eaga: 
y=f(—2),  dy=—f'(a)de. 
y=fata), dy=f(ata«)date)=f(ata)dz. 
y = F(x"), dy =f'(2") d.a”. 
19.] Differentiation of a*. 
Ne 
y + Ay = atts, 


www.rcin.org.pl 


19.] AND DERIVATION OF FUNCTIONS. 29 
Ay = atA — a = aë (a™ — 1), 
A aô? — 1 t 0 >, 
x paar ay N which = ő when Az is very small, 

To evaluate this, let a4*7 — 1 =z; .. z=0, when Ax =0, 

a4*—1+4z, 

Ax log, a = log, (1 + z); 
Lt — log. (1 + 2) 

og, a 

Ay = a log, a 
Ax j 


= log, a. a* —— 


= 
log, (1 + 2 


1 
but when Az = 0, that is, when z = 0, (L + z)? =e by Lem- 


oe Es seh 
“log, (1+2) 


i 1 
ma I. Art. 12., in which case log, (1 + z): = 1, 


d ; 
A = log. ace; 
if f'(2) 39 a", 


FS (a) = log ra, 
d.a* = lográ% a dg. 
Hence it appears that if the function to be differentiated be e*, 
since log, e = 1, we have 
did =e das 
that is, the differential of a* is the product of the quantity, the 
Napierian logarithm of a, and the differential of the exponent ; 


and the differential of eë is the product of the quantity and the 
differential of the exponent. 


Ex. y =a", dy=log,a.a*d.cx = clog.a. a®* dz. 
y=eI, dy= eld. f(x) =e f(a) dz. 
y =en dy=e"d(—x’)=—e~ d(a’). 
y = EVD 4 eV), 
dy = /(—1) evid dz — /(—1) ev" dz, 
= J/(—1) few) — eV} dz, 
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20.] Differentiation of log, <. 
y = logat, 
y + Ay = log, (£+ Az); 
Ay = log, («+ Az) —log, 2, 


Ay); log, (x + Ax) —log, x, 
Az Az 3 


: * sb aa . . (0) 
an expression which assumes the usual indeterminate form 5 


when Arv is an infinitesimal, i. e. when Az = 0. 
To evaluate it, let r+ Az = zxz, whence z = 1 when Az = 0. 


At = a(z—1), 
Ay _ loga (2z) — log, # 


Ax a(z—1) a 
1 
loore an en 
TEE E a OS 


ay. Bt eae AA Sa 
Same aaa any A i Ty: 
Eade 
GA Aa E e a ae 


and, if the base be the Napierian base e, log, e = 1, 


dx 


d.log.«#= PA 


that is, the differential of the Napierian logarithm of v is the 
differential of the quantity divided by the quantity itself. 

Hence, also, this rule, in conjunction with the rule in Art. 18., 
shows that the differential of the Napierian logarithm of any 
function of x is equal to the differential of the function divided 
by the function itself. 


K i ae) 
Ex. y = log, 2’, dy = ee 
d(a+bz) bdr 
= a b da a pln Seer Bacon A 
y= toner te) J at+be ~ at+bz 
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y = loga f) dy= ie k LFO E 
A OA 
dx ~ logra f(2) 


This rule might also have been proved from the last Art. as 
follows : 


y = log, x, 
z= a. 
dz = log, a œ dy, 
= log. a. x dy, 


1 dz 


dy=d, = —- 
” loga z logea x 


21.] The Differentiation of x”. 
Let y= 2", 

“. logey =n log, z, 

*. by last Art. ant 


x > 
dy = ndz =n% dre nx*—! dx, 
x x 
d. =n da. 


that is, to differentiate x", multiply by the exponent, diminish 
the exponent by unity, and multiply the product by dz. In 
the case in which y = — 2”, in order to avoid the logarithms of 
negative quantities, which are impossible, it is necessary to 
square both sides of the equation; whence 


y=, 
ave" dia. 
y’ -aw ? 
2ydy_ 2nx™—'dzx 
ee 


dy =d(— 2") = — nz”-'drz: 


and the same rule of differentiation is true for any function of z. 
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This differentiation might also have been performed as follows, 
by means of an expansion : 


yar 
y+ Ay=(z + Az)’; 


Ay=2"+n2"-! Ax + Dyn 2 2) + vee 2” 


5 


= nz"! Ar 4AN aa 1) DPA AN + &e. 


Ay = gr— 1 n(n —1) 1) n—2 
ar ae + Ia t Ax + &e. 
Let Ax become an infinitesimal, i. e. become 0, and we have 
dy pass n—1 
de = nr 3 
dy=d,a*= node 
Ex 
y =a + b2, dy = 2bx dx. 
a Le i AED .. ade 
f= = a0 5 dym nai dy TA 


1 
y =c v (a)= cs, dy=ex * ate oi 
1 2ex dz 
bee STA 


. 
ceper? 


= flog, (cter hondy = 2 


22.] The Differentiation of Functions of x connected with 
one another by Multiplication or Division. 


y = f(x) x F(x) p (2) x ® (2) x &e. 
If all the functions are positive, we have 

sas y = log f(x) + log F(x) + ey g(x) + &e. 
— 4f) , d- F(x) , d.9(2) 
Stee ee S 
dy = d { f(x) F(x) ¢(2)... 


= f(a) ¥(2) ¢(2) +. on i ae + OPO) m 
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or, if some of the functions be negative, 
P = SO FF} pE)’ &- 
log (y?) = log [f(z)]* + log [r (1)]? + log [¢(2)]* + &e. 
a 4f) d. LA) d. d.9(2) 1 ge. 
=PO TS * 4) 


«trator Ae 9 0885) o} 


Therefore, in either case, 
d{ f(x)¥(«)9(2)...} =d.f(x)E(x)9(x)... +d. F(x) f(z) ¢(z)-- 
+ d.(x)f(x) F(x)... + &e. 


and, if y¥= a 


log (y°) = log Lf(x)]* — [log ¢(x)]*s 


. dy _ df) _ d.9(z) 
y F(z) e’ 


PBI BPD) 
— LSE) ee) — d.g) f) 
Le(z)]? ; 


the same result as that obtained in Art. 17. 


Ex. 
y=S(2) XP» diS) = 9(@)d. f(x) + f(x) d.9(2). 
y =x" loge £, dy = 2xlog.xdx+ rdx. 


yar" e, dy = e(n 4 dz. 
= {fe 
~. loge y = (2) log. f(z), 


= dela) log. f(a) + ola) EF, 
dy= f(x)}* {log, f (x) d.o(x) + R d. f(x)}. 


D 
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23.] Differentiation of (a) sin 2, (8) cos z, (y) tan 2, (è) sec z, ) 
(£) versin z. 
(a) y = sin 2, 
y+ Ay=sin («+ Az); 
'. Ay=sin(«+ Axz)—sinze 


= 2 cos (« ar Af) sin 5" 


5) 3 
sin —— 
Ay _ Ax 2. 
2 = 008 (2 + gh 
es 
JAR 
d sin —— 
y = cos z; since = 1 when Ax is small, as is 
2 


shown in Lemma II. Article 12., and S may be neglected, 


on account of the law of infinitesimals enunciated in Art. 8., 
since it is added to x, which is a finite quantity: 


dy = d.sin x = cos xdx. 
(B) Y = COS 2, 
y + Ay=cos (x + Az); 


Ay_ cos (x+ Ax) —cosx 
TE Ar on 


‘ghia 
eds + Az = ADA 
-= in(2 au Ar 3 


2 
ee ou — sin Ty 
dy =d. cos x = — sin x dz. 
(y) y= tan 7, 


y+ Ay= tan (x + Az); 
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_ Ay_ tan (x+ Ax) —tan x 
‘Ar Az 


_ tan x + tan Aw — tan x (1—tan v tan Az) 
<9 (1—tan z tan Az) Ax 


_ ~ lt+tan?s tan Az, 
~ L—tan z.tanAz Az ’ 


» dy Pn a ey tan Ax _ 
; ‘Ja 7 l + tan? e = sec? x; «by Lem. IL Art. 12.—7; zm I 


d. tan z = sec? edz. 


1 Si 
(2) y= mire = (008 7) A 
dy=(cos x)—? sin z dx, by Art. 21. ; 
.*. dy=d. secr = gO x tan «dx, 
cos? £ 
(£) y = versin z = l — cos a; 


dy = d. (1 — cos x)=sin z dz. 


It is also manifest from the geometry of the figure (see 
fig. 5.), that the increments of the trigonometrical functions due 
to the increments of the arc are such as have been deduced in 
the above formule. For let AP be the arc of a circle whose 
radius is unity, and PQ be any small are added to it: 


Let AP =x, PQ=Az. 
Then PM=sinz, NQ=sin(«+Az); ..QR=A.sinz. 


CM = cost, CN = cos (z + Ax); ...NM=—A.cos2. 
AT = tanz, AT = tan(z+ Az); +. TT = A . tanz. 
CT = sec 7,- CT’= sec (x+ Az); .°.ST’=A..secz. 


BT: QP:: CT : OPL e 8ST! Az:: secx: 1. 
ST = Az seca. 


When Az becomes very small, that is, becomes dz, PQ, ST 


become approximately straight lines, and perpendicular to C'T, 
and sT becomes dz sec x: whence 


D'S 
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d.sin x=QR=PQ sin QPR=PQ cos RPC = PQ cos PCA 
; = dx Cos zr. 


d.cos x= —NM = —PR= — PQ cos QPR=—PQ sin PCA 
= — dz sin z. 


d.tan x= TT =8T sec T’TS=ST cosecCTA=ST sec PCA 
= sec? x dae. 


d.sec x=ST’=ST tan T’TS=ST tan PCA = sec z tan zdz. 


The differentials of tan x and sec x may also be determined 
from those of.sin x and cos x as follows: 
sin x 
cosg’ 


tan += 


Therefore, by Art. 17., 


cos xz d.sin x—sin zd . cos x 
d. tan r = — 
cos? x 


cos? x + sin? x 
cos? x 


dx 


d.tanz= 


dx 


= sec? «dx = (1 + tan? x) dz; 


Aag ak: 
sec z = —_ = (cos 2) ; 


. d.sec x = — (cos x)-* d.cosz 


sin zdr 
cos? x 


= sec z tan z dz. 


Similarly may we differentiate cot x and cosec z : 


08 x 

cot z = —=— 5 
sin x 

` sin z d.cos x — cos xr d.sin z 
<. d. cot r = —— a 

sin? x 

dz 

= — =z = — cosec? rdr, 
sin? x 
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BAO Saige (sin x)" 
sin £ : 


d.cosec x = — (sin x)—?d.sin æ 


cos gde `- 
= — —- z = — cosec vcot rdz. 
sin? x 


24.) Differentiation of («) sin 7, (8) cos™ 7, (y) tan™'?, 
(è). sec~' z, (e) versin™’ =. 
g 


PEE E A E ree oe 
(«) Let y=sin rH c siny=, 


d.sin y = cos y dy = Ë, 


gers Satie ce See) S 
.. dy =d.sin oo wae 


3 f 4 
but cos y= vQ = sint y) s / (1-3), = gle» 


meai a dx 
d.sin a ee 
a ee Eh a Eog 
(8) y = cos™'! =$ s. COSY ==, 


d.cosy = — sin ydy = cd 


but sin y= V(1=cosy) = 4 / (1- = )= ! v(a — 2), 


a 1% — dz 
dy = d. cos a TO 


x 
(y) y = tan" a ee tan y ==; 


d.tan y = (1+tan?y) dy = = 


D 3 
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3 dx adx 
3 mA oY eS ok ME ey ee tas 
=: at 4 Re 
(8) y = sec a “. secy= a’ 


d 
d.sec y= sec ytan y dy = =; 


2 
but tan y = ~ (sec? y—1) = Vai: = 1), 


adx 


i z dx ies 
dy =d. too) = = Ae iR 
a= a Tay 
a a 


z a E e 
(e) y = versin~ z 


. z 
versin y = l — cos y = re 


; . d 
d . versin y = sin y dy = =; 


but sin y = v[(1— cos y) (1 + cos y)] = 4/2 (2-2) 


=: /(2 ax— x”), 


dz 
; Fa ES fee 
. dy = d. versin a? Niara 
Ey ; pat E 
($) Similarly, if y = cot" -, 
aire es a) ee 
d. cot ot eae! 
(n) And if y = cosec z, 
d.cosec?~ = — ER. ae 
a g /(2* — a?) 


It is to be observed that if we add together the differentials 


of sin=! = and cos~! s the sum is zero, which is as it ought to 
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be, because the sum of the arcs is 3? which is constant, and the 
differential of a constant is zero; a similar remark applies to the 
differentials of tan`! Z and cot=} =, sec— = and cosec—! = 


In the case in which a (= the radius) = 1, we have 


dx 
oem ree 
d. sin +e By 
dx 
mE a $ 
d, 008" ¢ = JaA’ 


and so on in the other formulæ, giving to a the value 1. 

These results, like the formulæ in the last Article, might also 
have been obtained without difficulty from geometry; as e. g. 
(see fig. 5.): 


Let MP = z s. AP = sinr = yY. 
NQ=a+Aqa, .. AQS an r t Ar) y t Ay. 
RQ = Az. 
Ay = A sin™! x = the arc PQ = RQ sec POR = RQ sec PCA} 
f 4 dx 
.. dy=d.sin“ r = at). eo 
y in? x = dx sec (sin! x) wie) 


By a similar method may the other differentials be obtained. 
Ex. y = sin (2), dy = cos (x) d. (a”)= 2x cos (x) da. 
y = cos? x — sin? z, 
dy = — 2 cos x sin zdz — 2 cos z sin sdz = —2 sin 2xdx. 
y = sin 2 tan v sin™ z tan~! z. 


log, y = log, sin z + log, tan x + log, sin™! z + log, tan-! x, 


dy _ cosxdx sec? sdz ¥ dz ihe 
y sing "tang (1 —2)ainmte * (1 +2%) tana’ 
oe dy = sin z tan z sin~ e tan! z Í cot x dz + A ae 
sin 7 Cos & 
dz dx 
+ — — n 
V(1 — 2’) sin“ x K (1 + 2°) tan~! x } À 
D4 
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25.] Differentiation of a Function of several Variables. 


To fix our thoughts let us first consider a function of two 

variables, v and y, which we will symbolise as follows, 
EE (yN 

and let v and y be two variables not connected by any other | 
equation, and therefore such that they may vary independently 
of each other; that is, a change of one does not of necessity 
involve a change of the other. It is plain that u may vary 
in three ways; either on account of 2 varying when y does 
not vary, or on account of y varying when v is constant, 
or on account of v and y varying simultaneously. These 
changes in the value of u are called respectively the partial 
variations of u with respect to x and y, and the total variation 
of u; and the differences between the values of u, when these 
changes in the variables are small, are called respectively the 
partial and total differentials of u. An example will illustrate 
our meaning. Let us take u = xy, where u represents a plane 
rectangle, of which one side is x and another y. The area may 
vary owing to a change in the length of either side, or of both. 
If x changes and y does not, the change in wis yd; and if y © 
varies and x does not, the change in u is dy; such are the 
partial variations; and, if both vary together, the variation of u 
is equal to vdy + ydx+dydz: but when the variations of v 
and y are very small, dy and dz become infinitesimals, and 
dydx may be neglected without sensible error, and we have 
the total change in u equal to the sum of the partial changes. 
Similarly, if « is a function of many variables, changes may take 
place in its value owing to the variations of the variables, one, 
or more, or all, at a time, and similarly there may be partial 
and total differentials. The symbolisation we adopt is as fol- 
lows: 


Du represents the total change in wu due to the variations of 
all the variables, 
d,u . . . the partial change in u due to the variation of x, 


dyu $i : . . ° à : è © YW 
d,u k ; “i ee 


d d ; 
and so on; and (=), ah (Ay represent the ratios of the 
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several variations of the function due to the variation of the 
variables separately; that is, they are partial differentials, the 
brackets indicating that they are so, and the variable in the 
denominator of the fractions being the one due to the variation 
of which the partial variation of u is calculated. As before, let 
Au, Ax, Ay represent finite changes of u, x, y, respectively; 
and pu, du, dx, dy, infinitely small variations; we proceed 
then to the. differentiation of such functions as these. 
26.] Differentiation of a Function of Two Variables. 
u = f (x, y) 

Let v and y receive the increments Az and Ay, and let the 
corresponding increment of u be Au; so that 


Au = f (z+ Az, y+ Ay) — f (z, y); 
Au =f (z +Az;y+ Ay) — fy + Ay) 
+f y + Ay) —f(% y) 
Let the variations of x and y be very small, then 
Au becomes Du, which is the total change in w; 
Sf («+ Az, y + Ay) <P, y + Ay) becomes d,u; 
f(z, y + Ay) F(a, y) becomes d,u ; 


Since in the former of these last two y has the same value in 
both expressions, and in the latter v has the same value, 
therefore i 


Du = d, u + d, ù; 
that is, the total differential of a function of two variables is 
equal to the sum of the partial differentials. Also, we have 
Au at@tAnyt S —F(BYt+ AY) ,, 
x 


f(e, y + Ay) — f (2, 
+ Ay p) Ay; 


vem (38) ar + (2), 


In which formula dx and dy are the small increments of the 
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values of x and y; whence we can easily find the ratio of the 
total change of the function to the change of either variable : 


thus we have 

Dti B PETI: GO 

dz. \dz br dx’ 

Du _ (du) dz , (du) 

dy \da/ dy dy/* 
But we must be careful to remember that the brackets indicate 
that we have estimated the variation of the function due to the 


change of the variable, which is in the denominator of the 
fraction, and due to that variable only. 


oar Oy? du\ _ 22 ig Fs 
En u=5+h, Gi=o (iy) = 8 
2 2 
Du =<; de +35 dy 


u = x tan y + y tan z, (5%) = tan y + y seo? s, 


du á 
(e) = rsec*y + tan z; 

*. Du = (y sec?x + tan y) dx + (x sec?y + tan x) dy. 
27.] Differentiation of an implicit Function of Two Variables. 
Suppose that x and y are involved in.an equation of the form 

F(a,y) =c, c being a constant; 


since then u = f(z, y) = c, Du = 0, and we have 


a) dz + (3) dy — 0, 
EEA 
de du\’ 
I) 


which gives us the ratio of the increment of y to the increment 
of z, although the relation between y and x has not been ex- 
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pressed in the explicit form. On this process see the Note (A) at 
the end of the volume. 


Ex. u = z? + yi =a’, 
1 ee Ou. As 
aan, (aay 
du 
ay__ (iz) __ 
pape age 
dy 


For other examples, see Gregory’s Examples, p. 6. 


28.] Differentiation of Functions of several Variables. 
Let =e f(z, E >); 
u + Au =fr + Az, y + Ay, z+ Az.)5 


<. Au =f F Az, y+ Ay, z+ Az.) — f(a, Yy Zo) 
= f(x+ Az, y+ Ay, z+ Az...)—f(a,y+ Ay z+ Az...) 


+f(t, y +t Ayz+ Az...) flt yz HAZ.) 


+ f(y Z + AZn ) ea 
ae a a a ae etia e Ae 


Du=d,u+d,u+d,u + &e. 


that is, the total differential of a function of several variables is 
equal to the sum of the partial differentials. 
And if we use partial derived functions, as in Art. 26., 


(du du du 
whence, as in that Art., we can find the ratio of the total dif- 
ferential to the increment of any variable. 


And if the variables be so combined that 


Phas Ys.d inn) =e, 
Dr ='0, 
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and ae, dx + Ge) dy + (3) G2 + iesas =0; 


and we can determine the total change any one of them, as 
e. g. x, has undergone, as follows: 


du du 
Jy) dy + (E) dz + c 
du 
ax) 
Ex. u = sin (ax + by + cz) + yz + zx + zy. 
du 
(=) = a cos (ax + by + ez) + (y + z). 


T) = 5 coslas + by + ez) + (z +x). 


AN 


*. Du =cos (ax + by + cz) {adx + bdy + eda} PRE dx 
+ (z + x) dy + (2 + y) dé 


For examples, see Gregory’s Examples, p. T., and Hind’s Es- 
amples, p. 116. 
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CHAP. III. 


ON SUCCESSIVE DIFFERENTIATION AND THE THEORY OF 
THE INDEPENDENT VARIABLE. 


A. Of Functions of One Variable. 


29.] In the preceding chapter we have constructed a system of 
rules by which the variation of a function, due to the variation 
of the variable of which it is a function, may be calculated, 
and the ratio of the increment of the function to the increment 
of the variable, which we have designated by the symbol f’(z), 
is in general a new function of z Recurring to Art. 10., the 
process by which this new function is formed is called derivation, 
and the new function itself is called the derived function, and, 
for a reason which will shortly appear, the first derived; thus 
derivation may be considered an analytical artifice, by which 
this new function is deduced from the former one; and, as this 
new one is in general a function of x, it admits of having a 
similar process performed on itself, whence arises another new 
function, which is in general also a function of z, and from 
which another function may be derived in a similar manner. 
Thus we obtain a series of functions derived one from the other, 
which are called the derived functions of different orders, and 
we use the following symbolisation of them: 


Ss Fe)» Fs MOTORT LO)» F(@) 


where f’(2) is the function derived from f(x), f” (x) that derived 
from f(z) and therefore called the second-derived, f”’(x) that 
derived by a similar process from f”(x) and called the third- 
derived, and so on, f”(x) being called the nth derived function of 
J(«); so that we have the following series of equations : 
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— ¥ =F (2); 
dy = d. f(z) =f'(2) da, TOE 
d . f(x) = f” (2) dz, 
d. f(z) = Tp dex, 


d. © jews, daa BS dz. 


Since then dy = f(x) dz, considering dx to be constant, a 
supposition which will be explained hereafter, 


dudy sid f(x) de =f") az, 
d.d.dy= dof Xe) dz? = f'a) dz?; 


and so on: and, since the operations symbolised by the charac- 
ter d are-to be performed one on the back of another, we may, 
according to the index law, write for d.dy, d?y; for d.d.dy, 
d*y, and so on; whence we have 


d y 

z = f'(x) dy = f'(x) dz, 

d? 

i dy = f" (8) de’, 
TI ra i (2), dèy mes ILE) dæ?, 
. = . 9 . = e . e 9 
it i . 

Tan = Se) d”y = f*(x) dx”. 


f th f equations, 2-2 t= y(n, ZY 
On account of these sets of equations, PPE tee; Pre 


=f"), Z {= f»(2)} are called the second, third, ... nth 


differential coefficients, because they are severally the coefficients 
of the second, third, ... nth powers of dx in the above equations; 
and dy, d’y, d*y,..d”y are called the first, second, third... nth 
differentials of y. 
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It is to be observed, that as Z represents the ratio of the 


2 
T 


variation of y or f(x) to that of x, so os = f(x) = d. £@ 


represents the ratio of the variation of /"(z), that is of $Y, to the 


3 
variation of z, and so a represents the ratio of the variation 


2 
of = to that of x: and so on for the other differentials. 
Subjoined are two examples in successive differentiation ; 
for more, and some very elegant ones, see Gregory’s Examples, 
chap. ii. 
y=f@)=atm yao, 


d d 

A afas 1, zZ = f(2).= a Min 

d? 77 d? / 

Ta = S"(@) = 0, a = f(x) = r(r — 1)2"-%, 
d*y . d 


ao = f(x) =O, oe = f"(x)= r(r—1)...(r—n + La 


30.] First Application of the preceding theory. 


Having given f(x) = u x v, u and v being both functions of z, 
it is required to determine f”(x). 


f(x) = ux, .. by the rule in Art. 16., 
d 
f'e) = v a +u 
2 
Tai kahi = a LAEE CP 
rà Bu dv @u Ëv du , dv 
= Aho cas | Semel er BS Ot i 
Teat t AF Mallee aT 


and so on, the law of the coefficients being that of the coef- 
ficients of (1+:2)"; in conformity with which let us assume 
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dv d'u 
a T Or) ae 


n—1)(n—2) v d'u 
Peg dx’ dx oe 


fr Gye yf 


y 


.. by actual derivation, 


EE ON du du an= 1) Pe du 
PE) Sat OT apart ae ae ae 


n(n—1)(n—2) dv du 
ee ee dæ da"? 


+ &e. 


Therefore, if the formula be true for n— 1, it is true for n; it is 
true when n = 3, .‘. it is true when n = 4; and therefore for 
all positive integral values of n. 

If we had calculated differentials instead of derived functions, 


the series would have been 


d" (u x v) = vdu + ndvd™u + A @vd"—u 


n(n—1)(n—2) 2 13 
+ sy am tee dudu + &e. 


Several examples of this theorem are given in the second chapter 
of Gregory’s Examples. 


31.] Second Application. — To eliminate from a given ex- 
pression Constants and determinate Functions by means of 
Derivation. 

Suppose an equation to be given involving xv and y, and m 
arbitrary constants; let n successively derived equations be 
formed from the given one, by which means we have 2+1 
equations, between which we can eliminate n constants, and the 
resulting equation will involve only m—n constants; and, as 
we can eliminate any n of the m constants, it is plain that we 
can form as many equations as there are combinations of m 
things taken n and x together, that is, we can thus obtain 


m (m—1)(m—2).. Bee 
ae Oe ge a n 


If, then, we deduce m derived equations from the given one, we 


different equations. 
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have m+ 1 different equations, between which we can eliminate 
the m arbitrary constants, and thus obtain an equation involving 
only y and z and the successively derived functions, and inde- 
pendent of the constants. By a similar method also, if the 
original equation contain determinate functions of zx, these may 
be eliminated, and an equation obtained involving only y and x 
and the derived functions. For examples, see Gregory, chap- 
ter iv. 


32.] Third Application. — Suppose it is required to expand 
a given function of x, say f(x), in rising powers of x of the 
following form, 
F(a) = Ay +A, e+ A,2?+A,2°+ &e., 
subject to the following conditions: 


Ist. Ag, Aj, Ag, Az, ... are constants independent of xv, and to 
be determined. 


2dly. Ap Ay, Ag, Ap «.. are constants which do not become 
infinite for any value of z. 


3dly. The series contains no terms involving either negative 
or fractional powers of x. 


Then, forming the derived functions, 
f'€) = Ay +2.4,74+3.A,27+ &c. 
S'(@) = 1.2.4,+2.3.a,7+ &e. 
Se) = 1.2.8.4,+ &e. 


In these expressions let x be equal to 0; then, since by conditions 
(2) and (3) none of the quantities assume the indeterminate 


0 . . 
value g? ot become infinite, we have 


F(O) = Ags 
F'(0) = Ay, 
fO) = 1.2.4, lage BO] 
FO) = 1.2.8.4,, ae T LO) ; 
and so on. 


E 
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Whence, substituting, 


FE) =+) | + FO) ae FENM s 


+P Ors 2.3. 3a 8 


a series which is called, after its inventor, Stirling’s Series ; 
and also Maclaurin’s, having been introduced by him into his 
Treatise of Fluxions. 

As this series is of great importance in the applications of the 
Differential Calculus, the proof of it must not rest upon any fal- 
lacious reasoning, or upon any vague assumption which may be 
either too wide or too narrow; and therefore a rigorous and 
exact proof of the truth of it, and one too that limits the extent 
of its applicability, will be given hereafter. The explanation 
of it given above is to be taken only as presumptive evidence 
that it is likely to be true. For examples, see Hind, chap. iv. 
section iii., and Gregory, chap. v. section ii. 


33.] Thus far, then, we have considered the derivation of 
these functions one from the other to be simply an algebraical 
artifice ; but a question arises, what is meant by f(x), f(e) 
&c.; and what connexion, besides the algebraical relation, is there 
between any one function and its derived functions? To this 
subject we shall devote the next chapter. Also, we have made 
no supposition as to the absolute values of the quantities dy and 
dx; it is true that they are infinitesimals, but, as we said before, 
are all infinitesimals equal? Not necessarily so; and, from what 
follows, it will be seen that our calculation will be greatly sim- 
plified by assuming certain conditions in accordance with which 
y and x shall vary. 

Let y = f(x) be an explicit function of x, and suppose it to 
be finite and continuous for all values of x, under which we con- 
sider it; whether any other values may make it infinite or 
discontinuous is a question with which we are not concerned in 
the present enquiry. Suppose that v receives an increment dz, 
in general y = f(x) changes also, and becomes, according to 
what we have already explained, y+dy, so that we have the 


equation 
yt+dy = f(x+dz). 
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Conceive x to receive another increment, not necessarily equal 
to dz, then the function assumes the form 


y+dy+d (y+dy)=fiztdzt+d (e+dz)}, 
yt2dyt+@y = f(xt+2dx+@x); 


and let x receive another increment, and so on, and we have a 
series of equations, 


y = f(2); 
y+ dy = f(x+dz), 
y+2dy+ dy = f(«+2dzx+d?x), 
yt3dy+3@y+ dy = f(at+3dzr+30x+d x), 


n(n—1) n(n—1) (n—2) p 
yt+ndy+ es Py + rope ee +s tree oi 
= f{r+ndz+ aoe a+ oe}, 


which equation we can prove to be true for all positive and 
integral values of n, in the same way as in Art. 30. we have 
shown the series for f(x) to be true when f (x) = uv. 


Hence we determine the several and successive changes and 
variations of an explicit function corresponding to the succes- 
sive values of the variables. This will be much simplified by 
the following considerations. 


34.] Suppose xv to increase by constant increments, i. e. all 
the dx’s to be equal; then d’x, which is the increment of one 
dx over another, is equal to 0; and d'z, which is the increment 
of one d?x over another, = 0; and similarly 

d'e = 0, dx = 0, 


and the equation becomes 


S(a+ndxr) = y+ ndy + uh be s ay 
+ taD On?) py + bo 
E2 
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When «x varies subject to these conditions it is called the 
variable of equal augments or of equal increments, and is what 
former writers have called the independent variable; which 
name, in deference to usage, we shall employ, but at the same 
time would have it understood that an independent variable is one 
which varies by equal augments, and of which each differential 
after the first vanishes. As this condition is of the greatest im- 
portance .in the application of the Calculus to questions of 
Geometry and Physics, we will illustrate it as follows. 

Suppose we are considering any function of « between the 
values x, and x, z, being the greater of the two, and the function 
remaining finite and continuous for all values of x between 
these limits, then we may resolve the difference 2,—x, into 
small elements dz, the number of them being of course infinitely 
large when dz is infinitely small. It is at once plain that it is 
not necessary that all the d2’s should be equal; they may vary 
in magnitude, and if they do, there will be an increment of one 
dx over another dz, that is, there will be a d.dz, which we 
will designate by d’x. Neither, again, need all the d?2’s be 
equal, but, if they be not, there will again be an increment of 
one d?x over another d?x, that is, there will be a d.d?x, which 
we will symbolise by d’ x, and so on, and these values we call the 
first, second, and third differentials of x; but if we once intro- 
duce the condition that a differential of any order shall be 
resolved into elements all equal to one another, then all the sub- 
sequent differentials vanish. Such have we done in the case 
above with dx; we resolve the difference 2,—2, into elements 
dx all equal, and, therefore, there is no increment of one over 
another, whence we have 


G2 0, Cue Ore vat eee, 


Or thus, again, conceive a small body, as a_billiard-ball, to 
move over a finite distance in a straight line in a finite time; 
consider the straight line to be the axis of x; let the body at 
the beginning of the motion be at a distance x from the origin, 
and at the end of the time to be at a distance æ, and conceive 
the time of its passing over the distance 2, — 2, to be ¢; resolve 
this time into equal elements dt, and the space x, — zo into 
corresponding elements dz. If the body moves through the 
whole space at the same rate, viz. with the same velocity, then, 
during equal times dt, equal spaces dx will be described; but, 


www.rcin.org.pl 


35. ] AND THEORY OF INDEPENDENT VARIABLE. 53 


if the velocity varies, equal spaces will not be passed over in 
equal times. On the first supposition, then, all the dz’s will 
be equal, d?2=0, and x is an independent variable; on the 
second the d2’s vary, and d?x, which is the increment of one 
dx passed over in a time dé, over another dz passed over in 
the preceding or succeeding time dé, as the case may be, is the 
measure of the increase of the rate of motion. If, then, all the 
d?x’s were equal, we should say that the velocity of motion is 
continually increasing, and at a constant rate; but if d'r were 
not constant, then the rate of increase of the velocity of the 
ball is no longer constant, but varies according to some law on 
which the rate of increase depends. It will be observed, how- 
ever, that if the whole time of motion be resolved into equal 
elements dt, the supposition of x being a variable of equal 
augments is incompatible with a varying velocity. Hence, too, 
it is manifest that, generally, we are not at liberty to consider 
more than one of the variables to increase or decrease by equal 
quantities: as, in the case above, if we resolve the time into 
equal elements, then, in general, unequal spaces will be passed 
over in equal times, and we cannot consider all the d2’s to be 
equal, and therefore we cannot make dèx = 0; and if we 
resolve the distance into equal parts, then, if the velocity 
varies, these equal spaces will be passed over in unequal times, 
and therefore all the dës will not be equal, and we cannot put 
d@t=0. In general, however, we are at liberty to choose, for 
an independent variable, whichever is most convenient. 


35.] Let us now consider in what manner these consider- 
ations modify what has been said above. In the series of 
quantities in Art. 29., 


y =f (x), 


2 
si = f" (2) and so on. 


If we consider f’(x) dx to be the product of two variable 
quantities, and differentiate it as such, we have, in accordance 
with our former notation making f(x) dz to be the symbol 
for d. f'(x), and f'(x) dx that for d. f” (x), and so on, 


E 3 
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dy = f(x) dz, 

Py = f" (8) dè + f'(e) Pz, 

By = f(x) de + 3 f"(«)dxd*x + f' (x) Bz, 

d'y = f’ (x) dat ef" (x) dx? dx + 3 f’(«) (xP 
4 f" (a) da ae + f(x)dx, 


and so on. 


Now let dz be constant; whence d?z=0, d'e = 0, &e.; 
dy = f(x) dx, 
Py = f") da 
Py = f(a) da’, 
ae f(a 5 


. Jf” (x), or its equivalent ly J, is denizen from f'(x} on the 


dx? 


supposition that 2 is the independent variable ; 


Jf” (x), or its equivalent ay 3, is derived from f” (x), on the 


da? 


same PRE 
and f*(x) = I is derived from SA (x), on the same sup- 


position. 


Whenever, therefore, we meet with these or similar symbols, 
it is to be borne in mind that they have been successively derived 
on the supposition that the variable x, that is the variable in 
the denominator, increases by constant increments. 


Again; suppose (in Art. 33, 34.) that f(x) is finite and 
continuous for all values of « between x and «+h; and sup- 
pose h to be equal to ndz, 


whence n = 


Jb 
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Then 
Aa 1) 
Sæ+thjzy+t dy E ey 


eG ) (a —2) 


By + &e, 
K dy | h(h—dz) @y 
da a ere 
4 A dx)(h—2dx) d'y 
1.2.3 dz t &e 


Let dx be very small, and therefore n very large; then, re- 
2 

placing y, z , at &c. by their values f(x), f' (£), f” (£), &e., 

and simplifying, 


SEESE (+ oI + el" 


ht 
+ 79.34 0" E) + &e.5 


which is the series known under the name of Taylor’s Series; 
but, as it is of the utmost importance in the applications of the 
Calculus, another proof will be given in a subsequent chapter ; 
and the present proof is to be considered of the same kind as 
that of Maclaurin’s Series, given above in Art. 32. 


36.] From this supposition, then, which we are allowed to 
make, of one variable increasing by equal increments, and, 
therefore, of the several differentials of it after the first vanish- 
ing, problems such as the following arise. 

Having given an expression involving x, y {=f (2x)}, and the 
several derived functions and differential coefficients, on the 
supposition that one of the variables is independent, to trans- 
form it into its equivalent, when neither of the variables is 
independent. Or, 

To transform it into its equivalent, when the other variable 
is independent. Or, 

E 4 
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Having given an expression in which a variable and its dif- 
ferentials are involved, which is either an independent variable 
or not, and having given an equation connecting this variable 
with some other new variable, it is required to eliminate the 
old variable by means of these two equations, and to replace it 
in the original equation by its equivalents in terms of this new 
variable; this new variable being independent or not, as the 
case. may be. 

These several processes are called changes of the independent 
variable, and the best method is to replace the expression 
which has been simplified by the condition of a variable being 
independent, by its complete value when no such supposition 
has been made, and then to introduce whatever other conditions 
the problem requires. 

As if, for instance, having given an equation involving 2, y, 


a? aes i ; ‘ 
de i &c., the successive differential coefficients having been 


calculated on the supposition that 2 is an independent variable, 
it is required to replace these several differential coefficients by 
their equivalents when «v is not independent. 


x dz dx? 2 


dy st ie) hy ane x dy 


a 


dy 
dy 475) ia (dh dg—@x dy) dx —3 (d?y dx — @Pudy) Px 
dsr dx dx® i 
and so on, we must replace the several quantities eiki vy , 

dz ae 
&c., by their equivalents on the right-hand side of the above 
equations, in which expressions neither x nor y is an independent 
variable: and if y is to be an independent variable in the 


new expression, d*>y=0, d'y=0, &c., and the equivalents are 
as follow; viz. 


Py dzd 

7,2 Must be replaced by — das a 

dy 3 (P xP dy—@xdy dx 
T EE 806 E eis PE e ei 2 ae 


and so on. 
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And, again, suppose an equation is given involving s, y, 
dy dy 
dz’ dx 
suppose an equation is given connecting x and a new variable ô, 
viz. x = f (9), if it is required to eliminate x between these 
two equations, we must first replace the several differential 
coefficients by their complete values, and then calculate dz, 
dx, dx, &c., in terms of 6, dé, d9, &c.; whence we shall 
have an equation involving only y and 4 and their differentials, 
in which we are at liberty to make whatever supposition is 
allowable as to either y or 4 being independent. 


dy? |! 
{1+ G5} 


Ex. 1. To transform ag Sees into its equivalent, when 


&e., in which x is the independent variable, and 


(«) neither x nor y is independent; (8) when y is the indepen- 
dent variable. 


(a) Replace we by its complete expression as found above, 


and we have 


P) o apse | 
dx dy— Pxdy—dydx Cxdy—@ydx’ 
dx 


and then, (8) if y is independent, d?y=0, and the expression 
becomes 


dæ 
ayran (IA). 


 @ady Pe 
dy’ 
ce 
Ex. 2. Having given u += ss + a = 0, and 2? = 44, to 


eliminate x, and to find the equivalents of the first when (æ) 
neither « nor ô is independent; (8) when ô is independent; (y) 
when v is independent. 
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The complete expression of the given equation is 
1 du , @Pude—@rdu _ 
w 2 dx? RY 

dé 20 d?)—d?? 
ae > ee z= 9 E : 


0. 


ak I EA E 
whence, by substitution, 
(a) ud®+dud + dd?udi — bdu d9 = 0; 
and, if ô is independent, d?4 = 0, and we have 
udb + dud? + dd?udi=0; 


du du 
(B) or ut +0- =O 


and, if w is independent, d?u = 0, and we have 
ud + duds — bdu d9 = 0; 


d? 9 dé? d 8 
(Y) Caen aay ae 


For other examples, see Gregory, chap. iii. sect. i.; and Hind, 
page 34. 


B. Successive Differentiation of Functions of Two or more 
Variables. ` 


37.] Let u = F (2, y, z. . .) be the function of several variables 
of which it is required to find the successive differentials. To 
fix our thoughts, let us take a function of two variables, viz. 


uc F(z, 7). 


Now the first total differential of this, being a function of two 
variables as well as of the differentials of the variables, itself 
also admits of being differentiated again; and so does the second 
total differential, and so the mth. It is also to be remarked, 
that the partial derived functions of uw are in general functions 
of both variables; and, therefore, the differentials of these are 
to be calculated for variations of both. Before proceeding 
further, however, we must prove the following proposition. 

The successive partial derived functions of any function are 
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independent of the order in which the several variables are 


supposed to change; that is, e. g., 


tay) = (sa) 


ad, FH, y, 2...) = Fe -+ dz, 7, Z sss) — F (a, ¥, Z..), 
dy F (2, Yai) = F(t, y + dy, Zo.) — F (2, Yy Zo0e)5 
*, dyd F(a, Y, Z o) =F(a+dz,y+dy,z...)—F (t+dz, y,z...) 
— F (x,y + dy, Z.) + F (2, Y, Z.) 
Similarly, 
d,d, F (2, y,Z...)=F(a+dz,y+dy, z...)—F(x, yt+dy,z..-) 
— F(x+ da, Y, Z...) + F(a, Ys Z..); 
*, Gy dy B (a, Yo See) = GAP (SH, Yy F000) 


or, writing the result according to the notation in Art. 25., 
d’u 1S ( facet 
dady/ dy dæ” 

As the proof here given does not depend on the function 
being of two variables only, it is plain that an analogous theorem 
is true for a function of any number of variables; so that we 
may always interchange, in whatever manner it is convenient, 


the order in which the several differentiations are performed : 
as, for instance, 


d,d dyu = dyd: du = d, dyd, u, &e. 
au Gu 
ap) = Ti) = Ca Ty): 


Hence, also, it follows, that if successive partial differentiations 
are performed on a function of several variables, by making x 
alone to vary r times, by making y to vary s times, by making 
z to vary ¢ times, the order of these may be interchanged in 
whatever way we please, and we have the same results; so that 
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qd’ tstty )) = Etttry ( di+tr+s u uiia 
da" dydz' prela aara) 7 dz'dx’ dy’ 


Ex. u = sin (ax + by + cz), 


a) = acos (ax + by + cz), (3 +) sas lea 
du 
Toda) =~ ab sin (az + by + e2) = Ja) 


For other examples, see Gregory, chapter ii. sect. ii. 


38.] Let, then, the function of two variables be 
u = F (a, yY) 
du du 
then, by Art: 26. Du= (35) dx + e) dy; 


and taking. the total differentials of each of these quantities, 
bearing in mind that Ea and (G) are in general functions 


of both variables, and that x and y need not be increased by 
the same increments as at first, and, therefore, dx and dy are 
to be differentiated, we have 


Du =D AAT TET a + (F ") @et (F “) dy, 
Tu) dat +2 (E) dedy + (Z4) ay 


+. C de + E- s) 2y; 


the brackets indicating, as in Art. 26., that the derived func- 
tions within them are only partial ones. aea 


yam (G) 048 (8 
5 (G dy? +3[ (7 ess +(e ) ire @Py da} 


+G 5) dudy] + (S s) Oat (F) Py + Be 
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In like manner may the other successive total differentials be 
formed. 

But if x and y, the variables involved in the function u, are 
such that we may consider them always to increase by constant 
increments, then dz and dy, upon this hypothesis, admit of no 
variation, and 


feH-Oie= 0, ke Py = 0, oy = 0, ees 
and the expressions become 


u = F(z,y) 
Du = (2 dg + (G) dy, 
vam (Z) aot 2 (EE) araya (Z) a 


Du = eS dz + 3 (ara) dx? dy + 3 * Gea Pu a) dxdy? 


and so on; the law of the coefficients being the same as that 
of (1+.2)", which may be proved to be true for positive integral 
values of the exponent, by a train of reasoning similar to that 
in Art. 30.; whence, writing down the nth differential, we have 


pra = A dæ” +n (g) dx"—'dy 
ys = a C= a) dx”—*dy? + &e. 


Similarly, if v = F (z, y, z...), a function of several variables, 
and z, Yi 2, &e.; increase by Honiad increments, 


Du = (5%) dz + (E) dy + (3) dz + &c., 
D?’u = oa) da? + (2 dy’ + (S; =) da +2 (i) dy de 


+2 (5) dzdz + 2 (a) dady + &c. 


and so on. 
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If x, y, z do not increase by constant increments, then terms 
must be added to these expressions analogous to those which 
have disappeared in the above corresponding expressions for 
functions of two variables. 

These expressions may also be written as under, in forms 
similar to those in Art. 25. 


Du = du + dyu + du + &e. 
D°u=dju + dgu + dzu + 2 ddu+2ddu+2d,d,u+ &e. 


and then assume such simple symbolical forms, that we ought 
not to omit writing them down; viz., 


Du = (d; + d, + dy +...) u, 
D?u = (d, + d, + d,...)? u, 
peu = (d, + d, + d,+ ...)*u, 


p"u = (d,+ d,+d,+ ...)"u 


Ex. u = etttby+cx+ Ke. 


c) = age@rtbytczt Sc. 


dx 

2 

piad peen axz+by+cz+&c. 
dy besz 


=) = cettbytetke. 


dz 
d*u 


—  ) — 2 partbhy+cz+&c. 
Ta) = ate 
&e. &e. 


Du = ettytat (adx + bdy + cdz + ...}, 
D?u = ewtytat (g2dz? + b?dy? + c?dz? + 2bedydz 
+ 2cadzdzx + 2abdzdy + ...\, 
= ettlytat (adx + bdy + cdz + ...}% 
Similarly, 
Diu = ewtutat~fadx + bdy + cdz + ...}3, 
Du = eVtytat~ iadz + bdy + edz + ...}* 
For examples, see Gregory, chap. ii. sect. ii. 
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39.] Suppose that the function is of the form 
evs; 7) =e, 


c being a constant, which is the general form of an implicit 
function of two variables, then 


Ses 0 = (a) dx + (T) dy, 

ices ( Tan) da? + 2 (Gog) de dy + (Ga) ay? 
+ (i) eo (en 

piu = 0 = (FX) da? + &o. 


whence the following expressions, considering v to increase by 


constant increments, and .-. d? = 0, 
du\ dy du wee 
dy dz =) Sale 
duy d?y d?u dy , (dtu, dy? | d'u) _ 
(a, dx? dx dy) dx dy? dzi t aa ads 


d? 
which give us the values o£ z2 ry —~, without solving the original 
8 oa 2 


equation, and putting it in the explicit form. 


As e.g. 
EE i Sona A , =1 
A me | =) _ 2y 
dz) = a dy) = bY 
du a4) 2 =o d'u) _ 2, 
da? sas a?’ £ T dy? ey 
dy _ _ bx 
from the formule rege y’ 
d?y b4 
dx? ay? 
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40.] First Application of the preceding theory to the Elimina- 
tion of arbitrary Functions of two or more Variables. 


Let us first take a simple case; viz. that in which «u is an 
arbitrary function of two variables, x and y, of the form u = 
Ff (x,y), where the form of the function is undetermined. Calcu- 
lating the partial differential coefficients of u with respect to 
the variations of x and y, in accordance with what has been 
said in Art. 26., we shall obtain two equations involving the 
same derived function, viz. f'(x, y) which we can eliminate 


between them, and thus obtain an equation involving (=) and 


d . . . . . . . 
C=], but independent of the original primitive function. 
dy 


Similarly, if « involves several arbitrary functions of x and y, 
we can, by forming the successive partial differential coefficients, 
obtain expressions involving the same derived functions of u, 
which we can eliminate, and obtain equations not involving the 
arbitrary functions. The following examples will explain our 
meaning, 


Ex. 1. u = ax + by + cf(ex + gy), 
du $ 
ig =a + ecf' (ex + gy), 
du 


7) = b+ gef (ex + gy): 


s (an) ~ (T) =g- et, 


which is the final equation, independent of the arbitrary func- 
tion, but involving the partial differential coefficients, viz. 


it) mt (8) 


Ex. 2. u = f(ax + by) + ¢(bx — ay), 
du oy 
aI = af’ (ax + by) + bg' (bz — ay), 
du 


x) = bf'(ax + by) — ag’(bx — ay), 


du du F 
T) +8 ay) =e + HE) FS (as by} 


a 
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_ And differentiating again : 


a (T2) + è (aea) =e + Sex + by) 


au au 
Mig ai) . = b(a? + b) f" (ax + by); 


| Ga) lap) er (aa) + 


41.] If three variables are implicitly involved in the given 
‘expression and the arbitrary functions, the same method as 
above may be followed in forming the partial derived functions, 
if we consider one of the variables to be a function of the other 
two, and calculate its partial variations due to the variations of 
the others on this supposition. 


Ex. wre = 9 E = a), 


Zm C n 


Let us consider z to be a function of x and y, and calculate the 
partial derived functions of z on this supposition; then 


2 (2-0)=(e—-a) (7 
Lene = 


(z—e) — (4—2) cus 9 ae LAS 


z—=c z—c/ (z—e) \dy/’ 


whence, by division and reduction, 


dz dz 
(«—a) (52) + (y—b) (35) =z—«¢ 
By a similar process, if we had considered x to be a function of 


y and z, and had taken the partial differential coefficients (=) 


and =): we should have found, 


z—a= ($ 2) @=0)+ 7) =) 


F 
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Similarly, also, might y have been considered a function of v and 
z; and, if the successive derived functions had been formed on 
this supposition, we should have obtained a final equation of the 
same form as the two above. 


42.] Again, if the given equation involve an arbitrary 
function of three variables, x, y, z; that is, if the equation be of 
the form 


u = f (x, y, z); 


we can form three partial differential coefficients of u, according. 
as each of the three variables changes; and each of these ex- 

pressions will involve the same derived function, between any 

two of which it may be eliminated, and we shall thus obtain 

three several equations independent of the original arbitrary 

function: or, if the original equation contain two arbitrary 

functions, we can eliminate their derived functions between 

the three several partial derived functions, and thus obtain an 

expression independent of them. As, for instance, 


u = f(a2?+by>+ecz)+¢ (cos lx+cos my + cos nz), 
du ‘ 
(F) =202f (ax? + by’ + ez") 
— lsin lx g’ (cos le + cos my+ cos n z), 
du\ _ 2 2 3 4 
(Ge) =sey Sf (a2? +by> + ez") 
—m sin my ~’(cosly+cos my + cos nz), 
du 
(St) =t? pf (axt+by'+ ez) 
— n sin nz ¢’(cos lx+cos my + cosnz); 


by Lagrange’s method of cross-multiplication (see Pre- 
liminary Proposition IV.) we have 


d ; i į 
7) {4emz* sin my—3bny* sin nz} + (3) {anz sinnz 
qE du ca ; 
—4clz' sin la} + ae {3 bly? sin lx — 2amz sin my} =0, 


an equation independent of the arbitrary functions, and there- 
fore expressive of the properties of such functions, whatever be 
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their specific forms. By similar methods we may eliminate 
arbitrary functions of any number of variables. 


43.] In general, for determining to what order of differenti- 
ation we must proceed to eliminate any number of arbitrary 
functions from an expression containing two variables, let the 
following considerations suffice. 

Suppose u=0 to comprise m arbitrary functions of x and y, 
then it is plain that each successive differentiation introduces 
m other arbitrary functions, which are the derived of the given 
functions; so that by proceeding to the nth order of differenti- 
ation, we have (m+ 1) m different arbitrary functions: but, as 
the original equation u=0 gives one relation amongst these 
functions, so do 


dao En 
du 
2P =0, TEE a od ale 


give us other relations; so that by means of n differentiations 
we have the number of relations equal to 


n+1) (n+2) 


1424+3+... . AOE A 3 


And in order that we may be able to eliminate all these, we 
must evidently have 


GEDOEN (ni 1)m; 


that is n+ 2 >2m, 
n >2m—2; 


that is n, which expresses the order of differentiation, must = 
2m—1 at least, and we shall then have a sufficient number of 
F2 
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equations to eliminate the arbitrary functions from. Thus, if 
the original equation involve but one arbitrary function, then 
m= l, and we need differentiate but once; if it involve two 
arbitrary functions, we must in the general case differentiate 
thrice, and so on. An example is subjoined in which three 
differentiations are required: 


u =f (x+y) + ryp (c-y). 


a =f" (at+y) + yp (ay) + ryg (=y), 


(St) =F +9) + ze e—y) — 2y (0—9) 
Te) ps Ge) = (y—2) G(x—y)+22y o(a—y), 


(a) - (aay) = (y—2) p (x—y)— pr —y) 
+2y9(a—y)+22y dain, ; 


fe) ~ (G) =- 0-ta) 
+22¢(2—y)—22y 9"(e-y), 


nik (ia) ~ (z: R) = 2(x+y) 9(x—y). 
And differentiating again, 


(Sa) — (Gip) = 2° CY) +26 +9) a-y), 
Cae da? Alada = 2p(s—y)—2(z1+y)p”(1—y) 
- (5 3) + + (gg) — arp <a) ~ Ge = 49(z—-y); 
pee Ra eae NCEE) {Gs)- - (Fa) p 
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Ja) + + (aa) - (aaa) (5 3) 
a at (G3) > Ta) i 
For PERS see Gregory’s Collection, p. 46. ex. 15. ed. 1. 


44] Second Application. — To transform an expression in- 
volving partial Differentials and partial derived Functions into 
their Equivalents, when equations are given connecting the ori- 
ginal variables with new variables. 


Let us, as in the last Article, first consider the more simple 
case of a function of two variables.. Suppose, for instance, an 


. s 5 3 du du du 
equation to be given involving (5) 3 Te)» dx, dy; TA 


and E9) having been calculated on the supposition that < 
y 
varied while y remained constant, and y varied while z was 


constant, and dx and dy being partial changes in xand y on 
similar suppositions. It is manifest that the very fact of there 


being such expressions as (5) and (F) imports that there is 


such an expression as u = f(x,y); whether the expression can 
be found or not is immaterial. 

Suppose that the variables z and y are connected with other 
new variables r and ô by means of equations of the form 


x = $,(7,6), 
y = P(T, 9). 


If we substitute these values of x and y in the expressed or un- 
derstood function u = f(x,y), the equation becomes of the form 


u = F(r,9); 


the total differential of which is 


pu= (4 S)ar+ (2 7) d; 


by means of which we have, dividing through successively 
F 3 . 
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by dx and dy, and changing ? into (Gha and dy into 


‘d l i 9 . . 
: To) since in these cases we have the ratio of the variations of 
W 


u and of x, and of u and of y, in accordance with what has been 
said in Art. 25., and bracketing them to indicate that they are 
partial differential coefficients, 


du\ _ (d¥\dr deN dé 
(a) he da © (40) dx’ 
ag) las iy 
7 dy’ 
dr dé 
remembering that Te Te ote to be calculated on the suppo- 


sition that y does not vary, that is, that dy = 0; and a, 
y 

iy’ on the supposition that dx = 0. Since then, from the two 

equations given above, we have 


tem (SP) ar (Sh) am 


apm (SE) (EG) am 


to calculate dx, let dy = 0, and eliminating dé and dr 
between these two equations on this supposition we have 


dr dpe 
dô 

do, dP, diid 

dz -o Tus dé dr 
dj dẹ, 
dr 
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Similarly, z 


All these differential coefficients being partial ones, if we sub- 


stitute these quantities in the expressions above for (3) and 
(E) the resulting expressions will be the equivalents of Ed 
dy dx 


and (F) when z and y are replaced by their equivalents in 


terms of r and ô. 


45.] If the expression which is to be transformed into its 
equivalent involve only the partial differentials dx and dy, then 
dx and dy must be calculated as in the last six equations, on 
the supposition that each remains constant while the other 
varies. 

If the expression to be transformed involves three variables 
z, Y, z, and these are given in terms of three other variables 
r, 9, ¢, the operations are to be effected in a similar manner ; 


but as a consideration of the particular forms of the functions - 


connecting the variables will usually shorten the process, and as 
the principle is the same as that involved in the last Article, 
it is of little use to calculate the general expressions, and 
therefore we forbear to give them. 


| dR dR). ; p 
Ex. 1. To transform (= ) and ( iq) into their equivalents, 
haying given, 
z = r cosl, = r sin 6, 


In this problem there is implied a function R = f(z, y), which 
becomes, when x and y are replaced by their equivalents, 


F 4 
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R = F(r, 4); 
= ¢ i Di 
is) = (ae) ay * Cat) ay 


dz = droet—r sin 6 dô, 


dy = dr sin? + r cos ô dé. 
To calculate dx, let dy = 0, and eliminating dr and dé be- 


tween the equations in turn, we have 
ax oi E AREA r 


dr cos? dì gin 0° 


similarly we have 
r -. 
cos 6” 


I a i E) cos 4 — = rita 


ds) = (4) sas + (22) t, 


whence we have two transformations useful in the piageiary 


theory, viz. 
i) —y (#8) = (#8, 


OE- in) 


Ex. 2. Having given x =r cosé, y = r sin ô, to transform ` 
dx dy into its equivalent, subject to the conditions that y does 
not vary when x varies, and x does not vary when y varies. 


She 


dx = dr cos 4 — r sin 6dé, 


dy = dr sin § + r cos dé. 
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as before, dz = ee dr. 
cos 4 


Whence it follows that when dx = 0, that is, when y varies, 
dr = 0. 
dy = r cos 6d6, 


dydx = rdrdé. 


For more examples, see Gregory’s Collection, p. 37. 
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CHAP. IV. 


ON CERTAIN RELATIONS BETWEEN FUNCTIONS AND DERIVED 
FUNCTIONS, ON WHICH THE APPLICATIONS OF THE DIF- 
FERENTIAL CALCULUS DEPEND. 


In the last two chapters rules have been constructed whereby 
functions may be differentiated and derived functions formed ; it 
remains now to prove certain relations amongst them, and their 
applications, in order to which the following theorems are 
necessary. 


46.] Turorem I. Given that y= f(x) is a continuous 
function of x, for «= x, and for values a little greater and a 
little less than z: then, if f(x) is positive, x and f(x) are, for 
that particular value, increasing or decreasing simultaneously ; 
and if f’(2)) is negative, as x increases and passes through z,, 
f(x) is decreasing, or vice versd. 


Let Ay and Az be, as before, the simultaneous and finite 
changes in the values of y and x; then it is plain that according 


as Ay is positive or negative, so is TI or f'(x) which is its limit. 
Az dx ; 
Since, then, 
y =f) 


y + Ay = f(z + Az), 
Ay _ f(t + Az) — f(z) 


Az (z + Az)— z 
On the supposition that Ay is positive, the numerator and de- 


nominator of the fraction must have the same signs; and there- 
fore if x + Ax is >z, that is if x increases, f(x + Az) is > than 
f(x): but if r+ Az is <z, that is if x decreases, then f(x + Az) 
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is < than f(x); and the same is true of the limiting value when 
Azand Ay become dz and dy. So, again, if S be negative, 


the numerator and denominator must have different signs; and 
therefore, if x increases, f(x) must decrease ; and if x decreases, 
f(x) increases, and the same will be true in the limit. Hence, 
} dy 
dx 
particular value x and f(x) are increasing or decreasing simul- 
taneously ; and if f’(«) is negative when 2 = 2», as x increases — 
f(x) decreases, or as x decreases f(x) increases. 

Hence, if there is a function of 2, y = f(x), which is conti- 
nuous for all values of x from x = x to x = x, 2, being > than 2, 
as long as f'(x) is positive, x and f (x) are increasing or decreasing 
simultaneously ; and if it be negative, then as x increases f(x) 
decreases, and vice versa. 

Hence, too, it is plain that if f(x) = 0 when x = 0, if f'(x) 
be positive and finite, f(x) is > O when x > 0, and f(a) < 0 
when zx is < 0; but if, on the contrary, f'(x) be finite and 
negative, f(x) is < 0 when z is > 0, and (f(x) is > 0 when 
zis < 0. 


we conclude that if = f'(x) be positive for z = 2x, at that 


As illustrations of this theorem, let us consider the following 
examples. 
d 


Let y= f@)=em ss,  .. Z EO E 


Tth is posi 
9 5 en Cos 7 18 posi- f 


tive, and x and sin z are increasing or decreasing simultaneously. 


First, let x have any value between 0 and 


s and hA 
cos x is negative, and as x increases sin x decreases; and so on 
for other values of the arc: and therefore in this particular ex- 
ample, as long as f’(x) is positive, the function and the variable 
are increasing or decreasing simultaneously ; and if f'(x) is nega- 
tive, there is an increase of the one corresponding to a decrease 
of the other. Similarly, too, if f(z) = cos s, in which case 
J(«) = — sin z, the cosine decreases as the arc increases from 
O to x, and increases as the arc increases from z to 27. 


Secondly, let v have a value between for which values 
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It is necessary to observe also that f'(x) cannot change its sign 
without passing through O or 4 and therefore, if x is continually 
increasing, there cannot be a change in the corresponding in- 


crease or decrease of f(x), unless f(x) becomes 0 or =: 


47.] Turorem II. If r(x) and f(z) be two functions of z, 
continuous in value for all values of x between 2) and 2+ h, - 
and if their first-derived functions F’(2) and f'(x) be the same, 
and if, in addition, f(x) is always increasing or decreasing with 
x between these limits, that is f'(x) does not change its sign, 
then 


F(a + A) — F(a) _ F(a + bh) 


Seot h) — f(a) — feo + Oh) 
where 4 is some numerical quantity greater than O and less 
than 1. 


Let us divide the quantity 4 into n equal parts, each equal 
to dx (see Art. 34.), so that ndx = h. Consider the series of 
fractions : 

F(z + dx) — F(%) F(% + 2dx) — F(x + dz) 

S(% + dx) —f(%)’ Se + 2dx) — fla + dzy 
F(a) + ndr) — F {x + (n — 1) dz} 
Jlo + nde) — f {xy + (n — 1) daz}? 


which is a series of unequal fractions, the denominators of which 
are always affected with the same signs, since between the limits 
f(x) is always increasing or decreasing with x, and therefore by 
Preliminary Proposition I. the ratio of the sum of the numerators 
to the sum of the denominators is equal to some mean value of 
the fractions; but the ratio of the sum of the numerators to the 
sum of the denominators is, bearing in mind that ndz = h, 
ae + ae iat therefore this ratio is equal to some 
quantity greater than the least, and less than the greatest, of the 
series of fractions. These fractions, however, can be put under 
other forms. Divide every numerator and every denominator by 
dx, and we have 
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F(z + dr)—E (2) ¥F(a)+2dx)—F (a) +dz) 

Briel raa E A TO 

Setda) -SfE Setda) Setda) 
dx dx 


F (zo + mdz) — BP {ty -+(n—1) da} 


dx 
f(z + ndx)—f {x + (n—1) dx ; 
dx 


which become, when dz is very small, that is, when the quantity 
h is resolved into a very large number of elements, 


F’ (x) F’ (a+ P (zo +dx) F’ {a+ (n— 1) dx} : 
Flad ferdy oe Sf’ {ay t+ (u—1) dz} ` 
the last of which is Peper and therefore a mean value 
is Soo § being some numerical quantity greater than 0 


F’ (2) 


and less than 1: greater than 0, I say, because s ay would be 


J’ (0) 


the value only if all were equal, which is not in general the 
case; and less than 1, because all the fractions are not equal to 


r (z, +h), 
Feth) 


; and therefore we conclude 


B (z HA) —P (z) _ F(t + bh) (1) 
SF (%+ h)- F(Z) J (tat bhy 


subject to the following conditions: F(x), F(x), f(z), f(x) 
being continuous and finite for all values of x between x, and 
zo+h, and f'(x) not changing sign within these limits. 

It will be observed that we have divided the quantity A into 
equal parts; but the theorem is equally true in whatever man- 
ner it be divided. 

In order the better to understand this important proposition 
let us consider the following instance : 

F(z) = 2, f(x) = 2°, F(x) = 42°, f’(x)= 22; and the re- 
quisite conditions are fulfilled when x is considered to be some 
positive quantity. 
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F(a) +h)—F (2) _ (+h) x 
F(Z +h)—f(%) (Tath? — ai 

s =2 r+ 2r h+ h; 

F F! (29+ Oh) 4(x, + bh) 
S(t + Oh)” 2 (a + Oh) 
+ 26h? ; 


= (atita 


= 2(z +IP = 2234+ 4x 6h 


which two quantities being equated to one another in accordance 
with the theorem above, we have 


22, + h= 42,8 + 2h; 


and § is manifestly some quantity greater than O and less 
than 1. 


~ 


48.] Corollary. If the two functions F (x), f (x), be such that 

F (2) = 0, f (a) = 0, we have 

F(a+h)  F(a+6h), 

Soth) fF’ (eot+bh)’ 
and putting h = h,, h, being less than A, 

F (zo +h) _ F’(%+h,) 

Sth) F th) 
Suppose that, besides all these conditions, F’(2,)=0, f’ (x,)=0: 
then, considering £’ (æ) and f'(x) as new functions of x, having 
for derived functions £” (x) and f” (x), and being continuous and 


finite between the limits z) and 2,+/,; and if, in addition, 
Jf’ (2) is always increasing or decreasing between these limits, so 


that f” (x) does not become 0 or K by changing its sign; then 
F (x+h) Áa F” (z+0h,), 
Sf Eth) f” @tih) 
and putting 6h, = hy h, being less than h,, 
F (ath) _ E” (zo+h) 
Sth) f”(Et h) 


In the same way, if F’(2,) = 0, f” (x)= 0; and their derived 
functions, F” (x), f” (x), are finite and continuous for all values 
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of x between the limits x, and x,+,; and if, in addition, f” (x) 
always increases or decreases between these same limits; we 
have 

E” (a+ hy) _ E” (zot 0h) _ E” E” (xo + ha) hy) 


SF! Etha) SO Eth) f Eth) 

and soon. Now, remembering that h, is less than h,, and that 
h, is less than h,, which is itself less than A; and that, there- 
fore, h, is of the form bh, where 4 is some positive quantity 
less than 1; if these several conditions, and other similar to 
them, hold good up the nth derived functions exclusively, we 
have the following result. If there are two functions of v, F (x) 
and f (2) finite and continuous, for all values of x between z) and 
x +h; and if all the derived functions up to the nth inclusively 
are finite and continuous also; and if, besides, 


Ota, 0,” 8’ (x,) = 0; F(z, ) sO). o FS) SO; 
arent F(a, yas 0, F(a.) te 0, 6. J (ay) Os 
a ae) Fe) Fe) 2. f"—" (2) are such functions as always 


to increase or decrease between these same limits; then 


F(a+h)_ a (a +h) (2) 


feth) f+ Ghy 


49.] If all the preceding conditions are fulfilled, except 
that F (x) and f(x) did not vanish, a similar proposition is 


F (a+ h)— F (29) F F’(a)+ b h), 
true, for Pa, +h F(x) would be equal to F (a F (a, Fö hy? and 
this latter would, if ¥’(x,)=0, &c., be equal to ret ne and 


so on; and at last we should have 
F (zo +h)— F (zo) _ I” (to+0h) (3) 
Sth) SfE) f* Got 4h)’ 
Suppose that in the results of this Article and the last the 
lower limit z, = 0, then the equations respectively become 


F(h) _¥n(Gh) pn ee F(z) _ F(z), 
Fh) pony %F Waiting = for A RS = agy A) 


www.rcin.org.pl 


80 RELATIONS BETWEEN FUNCTIONS [ 50. 


eae F(A)—F(0)_ E” (04) 
) S — fO fr (Ghy 
diina 2 for h, E r ES) 
nds waiting aior Dy RSPO P ©) 


50.] We proceed to give a specific form to f(x), such as 
will satisfy all the conditions we have made, and to deduce from 
the last Articles some propositions which will be useful in the 
sequel of the work. 


Take the general result of Art. 49.; all the conditions will 
be fulfilled if 


ECEE tos +f (2) =0, and f (a+ h) =" 
Sf (xy=n(2—- ay", f' (@)=0. 
Fen (n— 1) C Sf! (%)=0. 


fr («)=n (n—1) (n—2)... 3.2.(2— 24), F(x, = 0. 
f* (x2)=n(n—1) (n—2)... 3.2.1, 
S"(a)=n (n—1) (n—2)... 3.2.1. 
And as this last does not involve x, it is the same whatever z be. 
we f" (ayo toh) = n(n—1)(m—2)... 3.2.1. 


And substituting these values in the general equation of 
Art. 49., we have 


F(G+)—¥ () = CEES Ha EH ©) 


the conditions to which this equation is subject being that 
F(x), F/(x), F’(x).... F”(x) are finite and continuous for all 
values of x between x, and 2+, and that F’(2,)=0, F” (2,)=0, 
up to F”—! (a) =0; but F” (x) does not vanish. 


51.] The following are particular cases of this important 
result. 

Suppose that none of the derived functions of F (x) vanish, but 
that F(z.) and F’(z,) are both finite, then n=1, and we have 


F (a) +h)—F (x) = h¥’(x,+9h). (7) 
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It is worth while to compare this with what is said in Art. 9. ; 
and, if the inferior limit x, =0, we have 


F (h)—8 (0) =A’ (6h); 
and, writing x for h, F («)—¥F (0) = x F’ (42). (8) 


Suppose that only ¥’(«,) = 0, and that F” (x,) did not vanish, 
then n=2, and 


2 
r (0)+h)—B (a) = 7, E” (a+ 60), (9) 
‘and so on. 


Again, suppose that in the general expression, F (xy) = 0, 
then 


h” >, à 3 
and if the inferior limit 2, = 0, then 


i a aD eR CET bh tis ah 


and, writing z for h, 
x” 
CES (bls ta NA (12) 
remembering that this ae is subject to the conditions F (0) 
= 0, F’(0)=0, F’(0)=0,... F”! (0) =0. 


Suppose that in this last expression F(0)=0, but that P (0) 
does not vanish, then 


F(x) = 2F’ (62); (13) 


and therefore every function of a variable z, which vanishes 
when x = 0, has x for a factor, unless the first-derived function 


site 
a 
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CHAP. V. 


FIRST APPLICATION OF THE PRECEDING THEOREMS TO 
THE COMPARISON OF ORDERS OF INFINITESIMALS, AND 
TO THE EVALUATION OF QUANTITIES OF THE FORMS 


52.] In questions such as those proposed for discussion in this 
chapter, it is important to observe what is the exact meaning of 
the numerical unit; namely, that it is the ratio of equality, 
and independent of the particular magnitudes of the quantities 
which are compared. Hence it follows that it is immaterial 
whether the quantities are infinitesimal, finite, or infinite, pro- 
vided that we can assure ourselves that they are equal. When- 
ever, therefore, the same factor is involved in the numerator 
and denominator of a fraction, be it of any magnitude and kind, 
it may be divided out, and the value will not be changed by the 
division: by this means expressions on which operations are to 
be performed can often be simplified ; an instance will illustrate 
our meaning. Suppose it is required to determine the value of 


r—a+t /(22? — 2azx) 
Wea” 
when x = a, in which case the fraction assumes the form a 
why? Because both numerator and denominator involve a 
factor ./(«—a), which is equal to 0 when x = a; but the factor 
in the numerator is exactly equal to the factor in the denomi- 
nator, therefore the ratio of one to the other is unity, by which 


(a-a) 
therefore We =) 


but 


may be replaced, and the fraction becomes 


V(x—a)+ /(22) 
Were) 
which is equal to 1, when z = a. 


www.rcin.org.pl 


54. | COMPARISON OF INFINITESIMALS. 83 


53.] Der. Suppose, now, we symbolise an infinitesimal 
by ¢, and take it as the standard to which all other infinitesi- 
mals are to be compared, and which we wil! therefore call the 
base of the system, and let a be any constant quantity; then, if 


Ki 


be equal to 0 for all values of r less than a, but equal to - p for 


all values of r greater than a, then f() is what we call an sak 
nitesimal of the order a. 

Hence it follows that every quantity which does not vanish 
nor become infinite when 7 = 0, is to be regarded as an infi- 
nitesimal of the order 0; and, therefore, the form which all 
finite quantities assume in this point of view is 0°. As is evident 
from the example in the preceding Article, both numerator and 
denominator = 0, when x = a, and the fraction is of the form 


; za y Č and ’ being constants); and as the infinitesimals, being 


= equal, are of the same order, the form of the fraction 


is 0° 5» but 0° is equal to 1 in this case, and the true value of 


the fraction is ii 
54.] The Equation (12) in Art. 51. will enable us to deter- 
mine the order of aR viz. 


The conditions subject to which this expression has been deter- 


mined are 
F(0) = 0, F(0) = 0, ...... 2I (0) = 0, 


and all these functions must be continuous and not infinite for 
values of x between the limits 0 and z, and F(z) is the first de- 
rived function which does not = 0, and does not become infinite, 
when z = 0. It is also to be remembered that the limits are z 
and 0, but as we have to evaluate expressions when z = 0, it is 
plain that we may make the difference between the superior 
and inferior limits as small as we please. 
G 2 
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In the above equation for x write 7, and change the functional 
symbol from F to f, and we have 


SO weak ys 


and putting i = 0, fÒ = f(0) = 0, that is, becomes an infini- 
tesimal, and is an infinitesimal of the nth order, since 


fon” poe 


a” a A ae TS n 


and as the right-hand side of the equation is neither 0 nor 2 

when 7 = 0, it is plain that vQ) = 0 for all values of r less than 
2 

n, and = ; for all values of r greater than n. 


Hence we conclude that if f(7) be a function of 7, such that 
S(0) = 0, f (0) = 0, f’(0) =0, and all the derived functions 
vanish up to the (n—1)th inclusively, but that f"(¢) does not 
vanish nor become infinite when 7 = 0, then 


SO = a ft 


and if? be taken as the base of infinitesimals, f(2) is an infi- 
nitesimal of the th order. 


If, when ¿ = 0, f(z) is not 0, but assumes an indeterminate 
form A it must be evaluated first by the methods which are 


explained at the end of this chapter. 


Ex. 1. To determine the order of infinitesimal of sin z, com- 
pared with ¿ when ¿ = 0. 


f@® = sin i = 0, when i = 0, 
FU) St OE EE EEE SA 
JÒ =sini= * cos (02) 


when 7 = 0, sin 0 = be 


1 
P 


www.rcin.org.pl 


57. | COMPARISON OF INFINITESIMALS. 85 


therefore sin 7 is an infinitesimal of the first order, taking ¿ as the 
base, when 7 = 0. 


Ex. 2. To determine the order of infinitesimal of tan 7 — sin 2, 
taking ¿as the base, when 7 = 0. 


F(t) = tan i — sin i = 0, when i = 0, 
S'@) = sec? t — Cos P= OF ie hs 
F O= 2 tani secà it sni=0,. ,, 


f” (Ù = 6 sect i — 4 sec? i + cos i = 3, when? = 0; 


f= tani— sin i = 


7 = 3 (6 sec! 6i—4 sec? 67+ cos biy, 


ie 03 
if ¿ = 0, tan 0 — sin 0 = 1.2.3 * 3i 
if ¿ be the base, tan 7 — sin ¿is an infinitesimal of the 


third order when ¿ = 0. 


55.] If any other value of 7, as e. g. i = a, renders f (¿) and 
its several derived functions = 0, and fulfils all the other con- 
ditions enumerated above, we may replace ¿ — a by i, and 
reduce the case to the form already discussed. 


56.] Thus far we have arrived at these two results; first, the 
ratio of two quantities which are exactly equal to one another, 
be they infinitesimal, finite, or infinite, is unity, and may be 
replaced by 1 without affecting the truth of the expression in 
which the ratio is involved; secondly, we have discovered a 
method of determining the order of infinitesimals; we proceed 
to apply these to the evaluation of functions which, for particular 
values of the variable or variables on which they depend, 
assume the indeterminate forms which are written at the heading 
of this chapter. 


57.] Evaluation of quantities of the form zd 
If a quotient of two functions of a variable or variables for par- 


LS pes , 
ticular values of these assumes the form oy it is plain that such 


is the case only because certain factors in the numerator and 
a3 
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denominator become 0 for these particular values, that is, be- 
come infinitesimals. It is plain, too, from what has been said, 
that, if these infinitesimals are of the same order, the fraction 
will be a finite quantity; and, if that in the numerator be of a 
higher order than that in the denominator, the value of the 
fraction is 0; and, if that in the denominator be of a higher 


; e NTI 
order than that in the numerator, the fraction is g: an example 


will render this plain. 
à a Na a 
Suppose we have to evaluate fe= oe, when z = @, M and 
(x— aN 
N being functions of x or not, as the case may be, but not 
» i> y . . 
involving any factor of the form («—a), and not vanishing 


when x = a; the fraction assumes the form 4 but the law of 


indices authorises us to put it under the form 


m-n M 


ha 3s 


N 


and if xz = a, it = 0, if m be > n, 


ER de eee ek 
N 
A we dy ite: basen 
0’ 


It will be seen from Article 59. that similar results are true, 
if the numerator and denominator be infinities. 

Hence, then, the first step towards the evaluation of such 
quantities is to detect, if possible, the factors common to both 
the numerator and the denominator, and to divide them out, 
and then to evaluate the resulting fraction by giving to the 
variables the assigned values, as e. g. 


(fh eee Th 
(a— s} + (a—2) 0 


if x = a; the common factor is (a — x)}, divide numerator and 
denominator by it, and we have 


V(a+2)+ V(a—2) _ x LM il 
teave Farta) +4738? T 
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The following is an easy method of applying this process. If 
x = a causes the fraction to assume the Sree O° for x — a write 
h, that is, for x substitute a + h in both numerator and deno- 
minator, develope both in a series of terms of ascending powers 
of h, divide through by the power of h which is common to 
them, let h = 0, and the result is the true value of the frac- 
tion. 


58.] In cases, however, where it is difficult to detect the 
common factors, as well as in all cases where the necessary 
conditions are fulfilled, the theorems of the preceding chapter 
enable us to evaluate these quantities. 


Suppose f (x) and ¢ (x) to be two hectic of x which = 0, 
when z= x, Suppose, also, that for the same value of x their 
several derived functions vanish up to the (n — 1)th inclusively, 
but that the nth neither vanishes nor becomes infinite: then, by 
the theorem contained in wernt “hg Art. 5l., 


Sf (%+h)= (zo + 9h), 


h” 
$ (zo + A) = ag Go + 9h); 


S (eo + h) _ f” (2o + bh) 


9 (a +h) 9" (a + bh) 


Suppose, now, that h, the difference between the superior 
and inferior limits, diminishes without limit; then, putting 
ha 0, 


f(z) _ Sf” (% (zo), 
Plr) P 9" (%)’ 


S (2) 


that is, the true value of the ratio TEN which presents itself 


under the indeterminate form a is the ratio of the values which, 


when z = 2,, the derived functions of the numerator and deno- 
minator have, which are the first not to vanish when z = zy 


G 4 
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The following are particular examples. If the functions 
themselves vanish when x = 2,, but not the first derived, 


then 

LOD £m), 

P (2p) 9’ (Xp) 
and if the functions themselves and their first derived vanish, 
but not the second, then 


tA (xy) hs F (z0) 
P (20) "HEDI 


and so on. 


If the same order of derived functions do not simultaneously 
vanish, then the indeterminate form has for its real value either 


1 l : 
0 or 5 according as the denominator or numerator has first 


ceased to vanish. This is plain from the proof we have given; 
because h will be of different powers in the equivalents of 


f(z + h) and ¢ (a, + A), and, therefore, will not divide out in 
the ratio. 


Ex. 1. 
HORE Taa ai 
TO T RA when z= 0; 
£ 2 = a = 2, and therefore the real value is 2. 
Ex. 2 
4 z— sns 0 
Ti) = z =T when z = 0 
_ f(z). l= come. 0 
~ @(2) sma 0 
Wks) ase a 
p” (x) 6z ~ 0 
ey hte § cos. 7. 1 
= Ta = E a when z = 0; 
the true value of = Ls, when x = 0, is - 
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Ex. 3. 
f(z) Ga = when z= a 
lo) (x) => > 
_ f(x) _ re-a 
g(x) agi bese 


. . . ji . . 
which, when x = a, is either 0, ne~’, or 0° according as n is 


greater than, equal to, or less than 1. 


59.] Suppose, however, that the two functions f(a) and 


] f ; ; ; 
g (x) become 6 when x = x, in which case their reciprocals 


become 0, then the fraction may be put under the form ° as 


0 
follows, and evaluated as before: 
eo _ Fee (2) e)? 
Fito) — ohio) _ 2 P (r)? _ 9(%) {F(a 
Q(x) 1 REE Cae LES TCS Ee 
SF (2o) iF Ff @)}? 


F(a) _ f(x). 


TONO 
If the first-derived functions f'(x), g'(x) also become infinite, 


as £ on and we shall 


have 
"i Xt) _ Fa (a ag 
P) PE) 


and if the several derived functions become infinite up to the nth, 
when x = zv, but the nth are finite, 


J (a) ft f'(%o) _ Aia BEA iy f(x») 
Ple) P ACO ? P(X)" 
The true value, therefore, of such indeterminate quantities is 


the ratio of their derived functions of the same order, both of 
which do not simultaneously become infinite when x = 2,. 
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Ex. 
Evaluate log = when xz = 0. 
cot x 
E 1 
f(z) _ loge 


p(z) cotez 


F(z) _eintz 0 
(x) 2. Ee 


i“ € 2 sin z cos g 
f ote Fe 0, when x = 0, 


O is the true value. 


Evaluate Ž zs when v = ži 
e 0 


1 
yt oa nga 0 ene 
aie) en pee 0° 
0 
1 
f(z) IE _ 0 1 
Pe AO es pee = > 
0 
and so on, until 
FR = ttrt a nin 2) EEA = 0, when z = 


therefore the true value is 0. 


[60. 


Ol| m= 


60.] If there be two functions of x, f(x) and g(x), which 


respectively become 0 and A when z = 2, then their product 


f(x) x p(x) may be put under the form 
Je) 

1 
p(z) 
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which takes the form when x = z, and is to be evaluated 


by the method explained in Art. 58., by taking the derived 
functions of the numerator and denominator. 


Similarly, if f(x) and g(x) i two functions z x, which when 


x = x, become 0, becomes 5 oe 0 but may be 


cama ae 
S(%0) a o) 


put under the form 


9 (2) — F20) : 0 
AAV, which = -, 
FCE) 0E) ” 0 
and may be evaluated as the like forms in Art. 58. 
moe. 1. 
When aleve a oe, 5 
0’ fæ] p 
1 
re OU Y E | See 1 
but e log z =- = T= zp =O when z =>. 
0 
Ex. 2. 
Evaluate x log z, when, z = 0. 
re geht 
ee Le ee = —— = — r = — 0, when z=0; 
ha jee 
x 0 ze 


the true value of x log z, when x = 0, is 0. 


61.] Lastly, we may determine as follows the true values of 
functions of z, which offer themselves under the general form 
f(x)**), and which, for particular values of the variable, assume 


0 
one or other of the forms 0°, (5) yd +} i o, 


Let y = f(z), 
log. y = $ (2) log. f(z); 


www.rcin.org.pl 


92 EVALUATION OF INDETERMINATE QUANTITIES.  [62. 


and as the logarithm has singular values when f(x) = 0, or = 1, 


or ae *, we may express the last equation in the form 
log. y = reef) Z ’ 
°(2) 


which, for the particular value z,, will be of the form or 


1 0 
T’ and may be evaluated according to the methods of Art. 58, 
0 
or 59. 
Ex. 1. 
Evaluate 2*, when x = 0. 
Let Ke a . log, y = a logs; 
and by last Article, Ex. 2., 
xlog,« = — 0, “. logy = —0; 
yror*= 1 


Ex. 2. 
l 
Evaluate x™=+, when v = 1. 


may =o 


Le 1 
JEsi ., log. y= Tox 8er = T when z= 1, 
1 
"igh log. y = 28 = -1=-1, myz, when z = 1. 


For other examples illustrative of these processes see Mr. 
Gregory’s Collection, chap. vi., and Mr. Hind’s Examples, chap. 
vi. 


62.] We proceed to determine the true value of certain ex- 
pressions which assume indeterminate forms in functions of two 
variables. 

Let n= F(z,y) =. 
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Then, by the method explained in Art. 27., we have 


os) 

dy _ dxf. 

eee. ii 
dy 


and as it often happens that for particular values of v and y, 


which simultaneously satisfy the equation F(x,y) = c, oy as- 


1 
. ; ; Mna 
sumes an indeterminate form TT this must be evaluated 
0 


according to the methods of Art. 58. and 59, by taking the total 
differentials of the numerator and denominator respectively ; 
the process will be best explained by an example. 
Suppose it is required to find the value of ai when z=0 and 
y= 0, having given 
F(x,y) = ay? — 2 — bx? = 0, 
when v = 0, y = 0. 


TE) = — 32— 252, T = 2ay; 


2 
oy sey = be When z = O and y = 0. 


Taking the total differentials of the numerator and denominator, 
and dividing by dz, 
dy  6r+2b_ 56 
DG aM OY 
28 a2 “de 
dy\? _ b d b 
Paar (W) =i anda 6, A 


Ex. 2. To determine the values of ~i , corresponding to 


» when « = y = 0; 


xz = 0 and y = 0, having given 
zt + ay — 2ary? — 3a2y = 0. 
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Differentiating as before, we find 


dy _ 42° — — 2ay? ? — Gary 


=l, when = = =0 
dz oer E Soe ee Si ees 


1222 — 4ay rA ibay — baz 4 


dy dy — 
6ax+ 4azx ig 4ay — 6ay Pr 


=g whens eye 


And here it is to be remarked that in the next differentiation 2 


is to be considered constant; for although a may have several 


values corresponding to the particular values of x and y, yet 
these values do not vary with small variations of z and y, and 
therefore are to be considered invariable when v and y vary. 


2 
242 L 4092, — 6a oF 6a fy 


dy _ da? dz dz 
dz dy dy dy? 
dy? dy 
TES det eds when z = y = 
ET er A 
6a + 8a 7; — 6a de 


multiplying and reducing,, 
dy* _9f¥ _ 3 4¥ _ 
da aa 2 de T 


“Y = 0 and = 3 and = — 1. 


Hence, then, it appears that we may determine the true value 
of = by differentiating successively the numerator and deno- 


minator of the fraction which gives the indeterminate result, 
until we arrive at an equation which gives certain definite 
values. We shall meet with more examples of this process in 


future chapters. 
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CHAP. VI. 


SECOND APPLICATION OF THE PRECEDING THEOREMS TO THE 
EXPANSION OF FUNCTIONS. TAYLOR’S SERIES. MACLAU- 
RIN’S SERIES. LAGRANGE’S THEOREM. 


A. Of Functions of One Variable. 


63.] On referring to Art. 9., and writing A for Az, it will be 
seen that if F(x) be a function of x, which is finite and conti- 
nuous for all values of x between z = x and z =z +h, and 
RA = Rp» 

F(x + h) — F(x) =AF(z) +R, (1) 


R, being a quantity which diminishes without limit, as h dimi- 
nishes without limit: but if A be finite, R, does not vanish, and 
our object in the present chapter is to determine its value; or, 
in other words, given that F(x) is continuous and finite for all 
values of z between xz and x + h, it is required to expand 
F(z + h) in a series of ascending powers of h. 

We may also thus arrive at the Equation (1) above. 

If ¥’(x) does not vanish, and remains finite and continuous for 
T values of x between « and z + h, then by Equation (7) 

rt. 5l., 


F(x + h) — F(x) =hF (x + Gh), 
which may be written in the form 
F(z + h) — H(z) = h F(z) + Re 
We proceed to determine R; : 
R, = F(x + h) — F(x) — h F(z), 
therefore R, is a function of A which = 0, when 4 = 0; also its 
first-derived 
dR; 


ah = F(x + h) ae F(z) = 0, when h = 0; 
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Pm 
dh? ` 

subject to the conditions that F'(x) and F”(x) are continuous 
and finite for all values of x between the limits z = zx and 


x=x-+h,. Therefore by the theorem expressed in Equation (11) 
Art. 51., 


and its second-derived “(a +h) = T(x), when h = 0, 


a 
R = yz P(e + bh); (2) 
and substituting this value in Equation (1) above, 
v 2 
P(e +h) = P(E) + Ara) + 5 me + Oh) (3) 
which may be written in the form 
i 2 
P(E +h) = (8) +h (2) + 5 #2) + Ry 
2 
Whence r, =r +4) — r(e) — A re) - A re (4) 
and therefore R, is a function of h, which vanishes when h = 0; 


and its lst derived = = F(x + h) — F(x) — h¥“(x),= 0, 


when Å = 0, 
` + PR, " " 
and its 2d derived Te ~T (x+h)— r” (x)= 0, when} = 0; 
e > dR, ttt Ms 
and its 3d derived 73 =F (x+h) = E” (x), when h = 0. 
h? ttt 
*. as before, ne 1.2.3 * (x+6h), ` 


subject to the conditions that F/(x), F(x), F(x) are continuous 
and finite between the assigned limits. Substituting this value 
of R,, we have 


F(2+h)—¥(2)—he(2)— E a) = agre + Oh); (8) 


and continuing in the same manner, if all the derived functions 
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of F(x) are finite and continuous between the assigned limits up 
to the nth inclusively, we have 


F(x +h) — F(x) — me) f =.. — LI RID R(x) 
= cag PEt: 


. and therefore, 

F(x + h)= F(z) +4 F(x) + an F(a) + eae PEDS + one 
he-} 

I.2...(n—1)" 


particularly bearing in mind the conditions subject to which this 
equation is true. This expression, then, gives the expansion of 
F(x + h), and shows in what cases it is possible. 


z DE + 6h); (6) 


+ ENa) +i 


h” 


diminishes without limit, as n increases without ae then 


F(z) + &e. (7) 


64.] Ifthe last term of this series, viz. 


F(¢e#+h)= TOLES (x) +z 


which is Taylor’s Series for the expansion of F (x+h). But we 
must remember that the Series (7) is equivalent to F (z+ A) only 
when F (x) and all its derived functions are continuous and finite 


h” a ; 
between z and x +h, and when 1.2..(m—1)2 F (x -+ 9h) di- 


minishes without limit as z increases without limit. 


65.] On comparing this proof with the imperfect one given 
in Art. 35. it is seen that in the Equation (6) of Art. 63. one 
side is exactly equal to the other; that is, the right-hand side 
consists of a finite number of terms, the sum of which is exactly 
equal to F(x +h); whereas in Art. 35. we had no means of 
determining to how many terms it might be necessary to pro- 
ceed, or what error would be committed by stopping at a par- 

H 
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ticular term. The above formula shows what is the sum of 
h” 
1.2.3....(n—l)n 


all the terms after the mth, viz. F"(x + 6h), 
which is to`be added to the first n terms, that the sum may be 
exactly equal to F (x+h). This term is known by the name of 
Lagrange’s expression for the limits of Taylor’s Series, having 
been first determined by that eminent mathematician; and 
although the expression is somewhat indeterminate, because 6 is 
some positive numerical quantity less than 1, yet the error can 
usually be ascertained within very small limits. 


66.] Failure of the Theorem. — The Equation (6) requires 
certain conditions to be fulfilled up to F(x), but none as to 
any subsequent derived functions, and therefore these may be 
discontinuous or infinite between the assigned limits without 
affecting the truth of the series. Thus the expansion may be 
correct up to a certain term, but would be incorrect if it were 
carried beyond that term. 

Suppose, for example, it is required to expand 


m+? 
F (2) = f (2) + (»—a) “9(2); (8) 
m being an integral positive number, and s being a proper 


fraction, and neither f(x) nor ¢(2) involving factors of the 
form (x—a). Or, again, suppose that F (v) involves factors of 
the form (7—a)~". 


In the latter case it is plain that if the values of z between 
the limits include the particular value a, the conditions are not 
satisfied, for F (x) involving (*—a)—” ceases to be finite when 
x =a; and in this case the theorem contained in Equation (6) 
fails. So, again, in the former case, if the limits include the 
value a, all the derived functions will be finite for the par- 
ticular value z = a up to F” (x), but the subsequent ones will 
be infinite, and therefore will not satisfy the conditions under 
which the Equation (6) has been formed. The expansion, 
therefore, must not be carried beyond the mth term; but the 


www.rcin.org.pl 


67. | EXPANSION OF FUNCTIONS. 99 


addition of Saad F” («+6h) will make the equation exact. 


An example illustrative of what has been said is subjoined. 


Let it be required to expand F (x+h) for the particular 
value x = a, having given 


B(z) = a+ (x—a)* sin 2; 
F’ (x) 


E 12327 +- “4 bua) sin x + TER, cos x 


42 + 5 (ea) sine+ fess’ cos 2, 


— («—a)' sin z. 


But if we form F” (x) it will involve (w—a)~*, which will be- 
come infinite when x = a, and therefore fails to fulfil. the 
conditions under which Equation (6) has been determined: 
therefore, in this case, 

h’? 
1.2 
.'. substituting the specific values above given, and putting 
t = a, 


P(e + h) = r) + Èr (a) +5 r(e + Oh); 


Mya Re ee Oy. UR 


2 
i 3 {12 (a+ 0h’ 


py 
a = (6h)! sin (a+49h)+5(6 hy? cos(a+6h)—(4 h)! sin(a+$h)} , 


§ being a positive value less than unity; whence it appears 
that the failure is due to the fact that the real expansion of 
F (a +h) involves fractional powers of h. 


67.] If in Formula (6) Art. 63. we put z = 0, that is, make 
zero the inferior limit, and write z for h, and bear in mind that 
x is the superior limit; and therefore the conditions are that 
none of the functions or derived functions must be infinite or 
discontinuous between x = 0 and z = z, then 


F(2)= (0)+2P/(0)+5%, P(O) + a P(O) + 


Sig ee G 0)+ yoga Pe) @) 


H 2 
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The following are particular cases of this expansion : 
F(x) = F(0) + xF (bx), 
r (2) =F(0)+ 270) + Szr” (2) 


and soon. ‘Thus for the functions e*, cos z, sin z, log, x: 


e—1 0z 1l—cosz sin x 
=e, ———-=sin dz, — = cos Oz, 
x x x 
log.(1+2) _ 1 
£ Le 


68.] If, as z increases without limit whi (x) de- 


R SE 
te E ee 
creases without limit, then F(x) will be expressed by the 
equation 


r (a)=r (0)+ 4 m (0)+ *5w"(0)+ 


r” (0)+&e. (10) 


at 
1.2.3 
that is, the limit of the sum of all the terms on the right-hand 
side of the equation is equal to r (x), and is the same series as 
was before deduced, but by an imperfect method, in Art. 32. 


69.] Equation (9) shows that the error committed by 
stopping at the nth term, or, in other words, that the sum of 


all the terms after the zth, is F” (dz). The same 


; g” 
| ey ee 


indefiniteness is involved in this expression as was in that for 
the limits of Taylor's Series, because 4 is some positive quantity 
less than unity, of which we cannot determine the exact value. 


70.] The series given in Equation (6) of this chapter may 
be made to assume another form which is sometimes convenient, 
and by means of it the sum of the terms of the expansion after 
the nth may be otherwise expressed. This has been done as 
follows by Cauchy. 

In Equation (6) let k = a — z 


F(a) = P (a) + (a—a) r (a) + ZY wa) te, 


Oe ao ep (x) + Ga was + 6(a—z)}. 


BIULIOTEKA 
A. CLAJEWICZA 
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For x write a, and for a write zx: 


res : jare A aaye (ach (e—a) EPH sees. 


the superior limit in this case being x and the inferior a; so 
that it is for all values of x between these that the conditions 
are to be satisfied. 

As particular cases of the formula we have 


F(x) = F (a)+ (x—a) F {a+ 9 (z—a)}. (12) 
P(2)=F(a)+(2—a) r (a) + ET w”fa46(e—a)}. (13) 
As an example of the Formula (11) take log z, and we have 


log x = log a + IL a (39 ; (= Sai; di - 


tae = =) r n r (are) 


71.] Let us symbolise the last term of (11) by ø (a), then 
we have 


g(a) = Te F” (a+0(z—a)} (14) 


r (a) = r (a) + 27E (a) + EZ ra) nn. 


wt feta (a) +¢ (a). 


Differentiate this, making a the variable, and we have 


1. a (a) + 9'(a) = 0. (15) 


It is plain from (14) that ¢ (z) = 0; therefore, sat in (12) 
¢ for F, we have 
9 (a) + (2-2) p {a + h, (@—a)} = 0, 
§, being different from 4 in (14) ; 
p (a) = — (z—a) p {a+4,(2—a)}. (16) 
“aag 
LATON ALA ae £ 
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In (15) for a write a+, («—a), and we have 


(z—ay Gei 


Cr RO AEEA ET Wali Ge 


whence, by rai between (16) and (17), 


po = EPPEN a+ (e—a); (18) 


and substituting in (11) this particular form of the remaïnder, 
we have 


F(z) = 


a ha a qa F” {a+ 4(a7—a)}. (19) 


Substitute in this series a+h for x, and subsequently write x 
for a, and we have 


2 
p(z +h) = r (2) + Ar (2) +5 (a) +. 


-+i unt O t a p +h): (20) 


and the corresponding expression for the remainder, in Mac- 
laurin’s Series, is 
el di * 
ERACI a (a 


We add two examples; one of the series which is numbered 
(9), using the form of the remainder numbered (21), and the 
second of the series numbered (20); and refer for others to 
chap. v. of Mr. Gregory’s Collection. 


To expand a* in a series of ascending powers of x. 
Let (sjaa, .°. ¥/(x)=a* log. a, F’(x)=a" (log.a)?... 
iaa FP" (x) = a* (log, a)"; 


oe. oe (0)= I, F’(0) = log. ay ¥’’(0) = (log, a)’, F”"(0)= (log, a)*, 
and so on; substituting which, we have 
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g? x? 


a*=1+2 logea + 13 (log, a)? + T23 MaE 5.0 
et n—| aie a i oe n Oe 
SEES O Mn BOD ae 


` And as the remainder diminishes without limit as n increases 
without limit, we may write 


2 an 
a = l1 + v log, a+ La (log. a)? + ae (log, a)? + &c. 
Ex. 2. To expand log (# + h). 
: : 
wa fg eS a Se ee a 
F(2) = log x, Ce P@)= =r i E” (x) z-*, 
Pa) = (—P1.22, 9 P(e) = (—1.2.34-+, &e 
AOR = (—)'1.42.3.4...5 (n= 1)a ; 


h h? hè 
ORT a EE AET P S 
hn elo] 
— \n—2 — \r— 
5 uke es sr, ae. 3 ee ony" 


If x be greater than h the last term will diminish without 
limit, and we may write 


; 2 3 
log (x + h) = log z + 3 i &e. 


~ Qa? " 323 


B. Of Functions of Two or more Variables. 


72.] We proceed now to extend our methods of expansion to 
functions of two or more variables; and, first, of two variables. 

Having giyen F(x,y), to find the value of F(x + k, y + k), h 
and & being finite increments of x and y, F(x,y) being finite and 
continuous for all values of the variables between the limits 2, y 
and v +h,y +h. It is supposed, also, that the several partial 
derived functions of F (x,y) are finite and continuous between 
the same limits. 

Let us consider the finite increments of x and y to be At and 
kt, so that, finally, they will be reduced to A and & by putting 


H 4 
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t = 1; then our object is to expand F(x + ht, y + kt), and let 
us assume 
fH = F(x + ht, y + kd), 
so that FO) = Fry). 
By the Series (9) Art. 67. we have 


FÒ = fl0)+4f(0) + raro tetr G O 
I.2. s- aI N 


By the formula for the differentiation of a function of two 
variables, proved in Art. 38., considering ¢ to increase by con- 
stant increments, which is a condition requisite for the truth 
of the series above, and for sake of convenience omitting the 
T indicative of partial differentiation, 


4. 


‘ dF d(x+ht), dr  d(y+kê) 
T 7 =SO= d(x + ht) dt d(y + kt) dt 
dF d¥ 
~ d(x + a j 
dF 
. JO) = = Eh + dy k. 
Similarly, 
Ee Rg. ye Oe) 
dë {d(a + ht)}? Tathtd(y+ht) "* 
LF 
apie RY E. 
dy + hay 
7 ËF LF 
PO =55 4:8 se hh + Typ B, 
y y 
` > alee ËF 24 dTs 
J0) = Ta P +3 gag ttt eap t + ay 
d'F d'F , n(n— 1) d'F yn -2p2 


ek r n ‘ee n—l 
TO= ge ltir ol ay 
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And substituting these values in the ne above, we have 


F(x + ht, y tht) = rzy) +5 kt a | 


dy 
PP [Pr a bas i à 
£ FE We a 
+33 qa be ae ERETT fis 
Gig PREA mati OE E-E a PD 


1.2.3 ...% Lidan da™—'dy 


oe 
me Te ket ac tie) 
y + okt, 


the meaning of the notation in the last line being, that x and y 
are replaced by z + bht, y + oR, in the coefficient of ¢”; let 
# = 1, whence 
dF 
F(z +h, y + k) = rzy) + E Eh + aps 
a far ys LF ËP ,, } 
EIS TAT * 2 aeay!* tay 7 
1 ËF dF 


ai Be. A = hi? Bei 
Pate. ade \ 


73.] If it be required to expand F(z + h, y + hz i by asses »} 
then, by a similar process, we have 


F(£ + hy + hkyz+ lo ) = F(a, Ys Z severe ) 


dF d¥ dE \ 
+f. {geht r++ koferi 
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E foal 4 ŽE jo ËF 
YC dat ay", aei aeh E T 
ay 
+2 hilt. | 
I ËF ,, | i 
T Taal ae E E ai seii 
ËF z 
F > 
a d'r n d" F n dF n—l 
Ger am t tay Pt te ar a E 
+ se} zt 6h, 
7 y + Oh, 


z+ 41, (23) 


replacing x,y,z... in the last term by 2 + 4h, y + 6h, 2+, ... 


As the Equations (22) and (23) stand at present, each side 
is exactly equal to the other; but if we can assure ourselves 
that as z increases without limit, each term of the remainder 
decreases without limit, then the remainders may be neglected, 
and the equations will be modified accordingly. 


74.] If in the preceding Formula (22) we make « = 0, y = 0, 
and then change h and Å into x and y, we have 


F(x, y) = F(0, 0) + Ta + take 


1 (/d?r 
+a Gae + * Gray v s? 
-+ . . . . . . 
1 at meet d”F eS d”F 
van wale a ” da—'dy” ae age” Sys 
iy 
(24) 
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where we have to replace x and y by the value O in all the 
partial derived functions, except in the last term, where they 
are to be replaced by 62 and $y; and if this last term decreases 
without limit, as n increases without limit, then the remainder 
may be neglected, and the series may be written without the 
last term. Similarly, if the functions were of more than two 
variables. 


- 75.] As an application of the Series (23), we will prove the 
following important properties of homogeneous functions, which 
are due to Euler, and are known by the name of Euler’s Theo- 
rems of Homogeneous Functions. 


Suppose F(a, y, z ...) to be a homogeneous function of z di- 
mensions and r variables: for x write (1 + 4)2, for y (1 + h)y, 
and similarly for the others; then the function becomes £ {(1 +A), 
(1+ k)y, (1 + &)z,...}, and may be put under the forms 
(1 + hk)" F(a, y, z...) since it is homogeneous and of n di- 
mensions, and F(x + hz, y + hy, z + kz, ...), which are of 
course equal, The first of these may be expanded by the bi- 
nomial theorem, and the second by the Equation (23), ha, hy, 
kz being the respective increments of z, y, z; and therefore we 
have 


}i-+nk+ a a kR? + nr= 1) (a2) k? + tegn) 


Lead 
=P (ayze) + SE ha + is hy + ar hz + a 
. + iat R? x? + Takyt .. + 2gig + a 
+i e 4 OF inea +837 F k3x?’y + 5 


RY (Ly Yy Bees) =F E ia Vay Lee aN &e., 


www.rcin.org.pl - 


108 EXPANSION OF FUNCTIONS. [76. 


d?’ F d? F d?’ F 
n(n—1) F(a, y, z jie aelig PF uia -+22y7 m + &e. 


d?F 
; — => ey ai TT En 
n(n—1)(n 2) EA TO dps t+ 3a vagt iti 
d?F 
POROA 
wet Sry EEEF + &e. 


and so on for the other terms. 


As an example illustrative of this, let us take 


F(x, Y, Z) = Ax? + BY? + CZ? + Dyz + Ezz + Gry; 


dE 
=) = 2Ax+ Ez + Gy, 
dF 
A = 2 By + Dz + Gz, 
dF 
=) = 202% Dy + Ez; 


: dF dr AEN . s ‘ . 
a oe SE) +y (a) +z (F) = 2{Ax? + By* + 0z* + Dyz 
+Ezz+Gry} = 2 F(z, y, z). 


For other examples, see Mr. Gregory’s Collection, chap. ii. 
ex. 19. 


76.] Lagrange’s Theorem for the Expansion of Implicit 
Functions. 

Suppose that y = z + x¢(y), in which equation y is an im- 
plicit function of two variables z and x, which are supposed to 
have no other relation to each other besides that given by this 
equation, so that they may vary independently of each other ; it 
is required to determine in ascending powers of x another fane- 
tion of y, viz. f(y). 


Let u = f(y), and therefore u is a function of x; whence by 
Stirling’s Series 


du} x deu] x? Buy x* 
u=(ul+ [sel y+ Uli + Laas] rae t 8 e8 
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bracketing the quantities, to indicate that particular values 
of them are to be taken; viz. when x = 0, that is, if 


w= F(x), [u] = ¥(0), (ss = F'(0), and so on. Hence we 


have the following data: 


u = f(y)  y=z + roy); (26) 
when -æ = 0, y =z 
[u] = f(z), 


forming the derived functions of (26), first by making æ to 
yary, and then z. 


dy _ Hayy SE BH ee PDs 
dx ee) > BEY) dz '`' dæ 1—zx¢(y)’ 
= ae Ky) VY dy l 
ae E t rO) Tr dz 1— z(y)’ 
d d 
de “POT (27) 
du _ du dy 
dx dy dx’ 
bstituting from (27 TE (y) Y 
substituting from (27), ay ie e(Y) 7 
let 2 = 0, ¥ = 2, w dy=dzand w= [ue] =f (2); 
du Sao, 
til p (2). 
du 
Again, since > TOFA 
d'u d 


du 
dz dz fr no 
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LERIA dy eye 563 


dz dz 


k 3 


=5 TW FAE 


and substituting for y from (27) 


a 
Ts = delay OO ee 


Let x = 0, in which case y = z, dy = dz, and u = f(z); 
Pu _ d fd.f(z) 
qa) = 221 eo}: 


In asimilar way differentiating again 4 and substituting from 
(27), we shall find 

Pu ad? fdu d 

de = aA Vdy CON, A ; 


and PERYA [sa] = nih EE Z ©) {ẹ (z)}8 bs 


dè] dz | 
n=l 
Let us, then, assume that the formula is true for oa 
qd’ u n—2 d 
Bal = ack no SES z 


au ad. a (fade Sdi 
da de dea |dy & sah 


and since the order of differentiation is indifferent, 


a? = 
=i {POO 


e F so] dn dy, d piye z] 
sy ees ogo a de T y ON Teas 
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i dq? H 7, eo} dy dy du (y) ae art 

~~ @ zn? dy dz dx ià dy P Y dzdx 
m=i d a 

c dz" dz y O yrs 


n—l 
at ate 1 CAO gji , by virtue of Equation (27); 


8- {He wer} 


If, therefore, the formule are true for n — 1, they are true 
for n; they are true when n = 3, therefore they are true when 
n = 4, and therefore are true for all positive integral values of n, 
the only cases in which it is necessary for us to find them. Sub- 
stituting, then, in Equation (25) the values above determined, 
we have 


janie 
X Ta d. a (z yt i5 


an E SE) ty” br tek te eos (28) 


n 


Ex. Given y= a + e sin y, to find sin y. 
On comparing these with Equations (26), 
f(y=siny] z=a), 
¢(y)=siny fs’ ee ef? 


in y = sin z + cos z Pe R ea ( E a 
sin y = SI it gz (cos sin z) 3 


+ &e. 


+ L (cos z sinê z) as 
qA \° 1.2.3 
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= sin z + cos z sin z * — (3 sin? z — TRES 
l 1.2 


— cos z (16 sin’ z—6 sin z) a + &e. 


sin y = sin a + cos a sin a © — sin a (3 sin? a — 2) 5° 
. ` eè 
& ee 
cos a (16 sin’ a — 6 sin a) rys% &c. 
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CHAP. VII. 


THIRD APPLICATION OF PRECEDING THEOREMS TO THE 
DETERMINATION OF MAXIMA AND MINIMA VALUES OF 
FUNCTIONS, 


77.] Der. When a particular value of a function is greater 
than all its values in the immediate neighbourhood, that is to 
say, than all its values when the variables are made to increase 
or decrease by small quantities, this value is said to be a 
maximum. 

And if the particular value be less than all the values which 
correspond to the variables, when they are made to increase or 
decrease by small quantities, then such a value is called a 
minimum, 

In reference to these definitions, then, it is to be borne in 
mind that maxima and minima are not terms used absolutely, 
but in reference to the values of the functions which are imme- 
diately adjacent to those to which the terms are applied. 


As a simple illustration of our meaning, let us consider sin z. 
Let the radius of the circle be unity, then, when the arc = 0, 


the sine = 0, but as the are increases up to > the sine increases 


and at last becomes 1, which is its maximum, for as the arc 
becomes larger the sine becomes smaller, and continually de- 
creases, passing through 0 when the arc = =, until, when the 


3 . . . . . 
arc = > , the sine = — 1; after which it begins to increase, 
and so on through 0, when the arc = 27, until, when the are 
5 tse ‘ 
= > the sine = +1, and soon. Thus as the arc increases, 


the sine periodically attains to maxima and minima values. 
I 
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A. Of Functions of One Variable. 


78.] Let y = F (x) be the function of which the maxima and 
minima values are to be determined. 

From our definition it is plain that if, as x increases up to a cer- 
tain value z,,F(x) increases, and afterwards as x increases, F(x) 
decreases, then F(2) has attained a maximum value at æ = x); 
so again, if, as x increases up to a certain value zy r(x) de- 
creases and afterwards increases, then F(s) is a minimum 
value. ; 

Now Theorem I. Chapter IV. is immediately applicable to 
determine these conditions: if v and r(x) are simultaneously 
increasing, F'(x) is positive; but if as x increases F(x) decreases, 
F'(x) is negative. 

If, therefore, at any point x = 2x, F(x) changes its sign from 
+ to —, we have a maximum value; and if F(x) changes its 
sign from — to +, we have a minimum value: and, as changes 
of sign can take place only when the quantity passes through 0 


1l P 3 A 
rg we have the following rule to determine maxima and 
minima ; * 

Find every value of x which renders F(x) = 0 or = = if 


such a value makes F(x) change its sign, we have a maximum 
or minimum, but if there is no change of sign, there are no such 
corresponding values; and if, as x increases, F’(2) changes its sign 
from + to —, there is a corresponding maximum yalue, but if 
F(x) changes sign from — to +, there is a minimum value. 


As an instance, consider the case given above, viz. y = sina. 
dy i 
oy = f(x) = cos « = 0, if 
m . . 
t=>5; and f(x) changes sign from + to —, .*. a maximum; 


3m 
z= 


2 . . e . . . . ne to +, Me a minimum ; 


* More will be said in a subsequent chapter on F (x) not being a maxi- 


ci 1 
mum nor a minimum when F (x) = 9° 
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z= sr, and f(x) changes sign from + to —, .*. a maximum ; 


carts 5r 
and so on. Because, if x is rather less than * or: &e., cosx is 


2 fh 


5x 
+ve; and if z is a little greater than Zor ~ 7’ &e., cosx is — ve; 


2 


whereas if x is a little less ian © > or e, cos x is — ve, and 


when z is a little greater than these values, cos zis + ve. 


The change of sign can often be conveniently determined as 
dy 
mc) 


therefore, by Theorem I. Chap. IV., Be i F(x) ‘not to 


follows. From Art. 29. it appears that F”(x) = 


vanish when F(x) = 0, if as 2 increases Sy passes from — 


to +, i. e. increases, oy is positive, but if it passes from + to 
aa Po p 


2 
—, it is decreasing, and 7-5 = Ji is negative; therefore if ¥’(2,) = 0, 


and F’(x,) is positive, ths is a minimum, but if ¥’(z,) is nega- 
tive, F(z) is a maximum. 


79.] When F'(x) is an algebraical function, and admits of 
being resolved into its factors, it is easy to determine what 
values of the variable give maxima and minima. Corresponding 
to every factor of the form (x — z,)”"*!, i.e. to every factor 
of uneven dimensions, there is a change of sign, and therefore a 
maximum or minimum value; but to factors of even dimensions 
of the form (x — z,)*" there is no change of sign, and therefore 
no maximum nor minimum; as, for instance, suppose 


F(z) = z? (x — 1) (z — 2) (z — 4), 
which is.equal to 0, if 
x = 0, and gives a change of sign from + to —, .*. a maximum; 


zx 


1, and gives no change of sign, .*. no max. nor minimun ; 
12 
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x = 2, and gives a change of sign from — to +, .*.a minimum ; 


x = 4, and gives no change of sign, .*. no max. nor minimum. 


80.] The meaning of the several conditions of maxima and 
minima are illustrated geometrically in figs. 6, 7, 8, 9. 


Suppose y = F(x) to represent a curve such as those drawn in 
the figs. 


Let OM, = 2 MoPo = Yo the corresponding ordinate. 
Then in fig. 6. as x increases up to x, y = F (x) increases, and 
therefore F(x) is +ve; but as soon as v has passed the value 
Xo y begins to decrease, and F’(x) is negative, and the ordinate 
y or F(z) has manifestly attained a maximum value at £y 


In fig. 7. the reverse is the case; as x has increased up to 2, 
y = F (x) has been decreasing, but as soon as v is greater than 
£y F(x) increases, and thus the sign of F(x) has changed from 
— to + at 2, and the corresponding value of F(2) isa minimum. 

Fig. 8. illustrates the case of F/(x) being positive up to 2), and 
although F(x) = 0, yet it does not change its sign, but con- 
tinues positive afterwards, and therefore we have no maximum 
value. 

In the curve drawn in fig. 9., F'(x) is negative throughout ; 
at P, it is = to 0, but, as it does not change its sign, there is no 
minimum value. 

Two examples are subjoined. 


Ex. 1. y = 2? — 22 — 3, 
dy _ i LATE 
de T 2T E(t — 1) = 0, if 


x= 1, and changes sign from — to +, which indicates a mi- 
nimum, in which case y = — 4. 


Ex. 2. To divide the number a into two such parts, x and 
a — x, that x(a — x)” may be a maximum. 
y = ma — 2x)", 
dy n—1 m—1 
aa" (a— x”! (na — nz — mz) 


== n—l ea m—l ne a, 
(n + m) 2" (a — x) =e z), 
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which = 0 if x = 0, and changes sign from — to + if n be an 
even number, which indicates a minimum, but undergoes no 


change of sign if n be an odd number. Also oy =O, f 2 =a, 


and changes sign from — to + if m be eyen, which indicates a 


dy 
dx 


7 and changes sign from + to —, which indi- 


minimum, but undergoes no change of sign if m be odd. Also 


ė na 

s0 ife = 
m+ 
cates a maximum. 


It is recommended to the reader to illustrate these principles 
and criteria by drawing the lines whose equations are respec- 
tively y= ax, y =a, y = ax’, y = aa’, and showing in what 
cases x = 0 gives maxima and minima valnes of y. 


81.] We have given this method of determining maxima and 
minima, because it is plainer to the perception, and depends on 
the use of algebraical symbols, which may be worked with, 
though not understood, less than the common method, of which 
the following is a modification. 


Let F(x) be the function of which the maximum and minimum 
values are to be determined ; then by Equation (7) Art, 51., 
F(x +h) — F(x) = hv(a + bh). 
As h diminishes without limit F(a + bh) approaches to its limit- 
ing value, K(x). 


Suppose now that z, is such a yalue of z that F(2,) is a maxi- 
mum or minimum; then if / diminishes without limit, and ¥’(2,) 
does not vanish, we have 


F(x + h) — F(z) = Ar (1); 

and if these conditions are satisfied, according as h is positive 
or negative will r(z,) be less than F(z) + h) or greater than 
F(z, — h), and therefore F(2,) will be neither a-maximum nor a 
minimum. Suppose, however, F'(z,) = 0, then, by Equation (9) 
Art. (51.), if F” (x,) does not vanish, 

2 

F(t) + h) — P (z) = 43T" (E + Oh); 


I 3 
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which becomes, when / diminishes without limit, 
; ie 
F(x + h) — F(a) = a a (zo). 


If, therefore, ¥’’(x,) is positive, F(2,) is less than both F(x, + 4) 
and F(«,—h); but if F”(x,) is negative, F(x.) is greater than 
both £ (x, + A) and F(z) — h); whence we conclude, 


If ¥’(x,) = 0, and E” (x,) does not vanish, if F” (2,) is negative, 
F(z.) is a maximum, and if ¥”(x,) is positive, F(x) is a mi- 
nimum. 


But if, again, F” (x) = 0, and F” (x) does not vanish, 


P(e + A) — F(a) = 70 


5g T” (wo + Oh); 


in which case, as 4? changes its sign with h, it is plain that there 
is no maximum nor minimum value: but if ¥’’(#,) = 0, and 
F” (x) does not vanish, then 
h‘ 
F(a) + h) — F(a) = 12.54 + bh); 

in which case, as before, there will be a maximum or minimum 
value of F(2,), according as F” (x) is negative or positive. 

And thus, generally, if the value x), which makes F’(z) = 0, 
so affects F” (x), F” (£), up to F”—'(x) that all vanish, but that 
F"(x,) does not vanish, then we have 


h” 
x F” (x + 6h), 


P(t + A) — FO) = Tos] 


and if n be an odd number, there is no maximum nor minimum 
value; but if n be an even number, F(x) is a maximum if 
F”(z,) is negative, and a minimum if F(x») is positive. 

In the application of this theory to questions of geometrical 
maxima and minima, it will subsequently appear that figs. 6. 
and 7. correspond to the analytical conditions of every derived 
function vanishing, when z = 2, up to one of an odd order 
inclusively, and the next derived function of an even order 
remaining finite; and figs. 8. and 9. correspond to the condition 
that the first-derived function that does not vanish is of an 
odd order. 
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z 
a eal Mead prere t 
e 1 — 2? 
F(z) =5 RUER fee ae aa eee 
d? 62 + 223 
puoi — Tar 
d*y 
If z= +1, Jan~ l, y = 3» 2 maximum; 
2 
z= — l, C4 = +1, y =— 5) a minimum, 


For examples, see Mr. Gregory’s Collection, chap. vii. 


B. Implicit Functions of a Single Variable. 


82.] Suppose that the equation connecting y and x is an 
implicit one, of the form 
u = F (2, Y) = 0; 
then by the expression in Art. 27. we have 


du 
dy _ “a, 
dz duy’ 

T) 


and as a necessary condition of a maximum and minimum is 


that Al must change sign, and as it can only change sign by 


x 1 y du 1 
passing through 0 or g we must have either (5) = 0 or — 


g 

1 

du\ _ 1 dy D O 

or FA = 0 or 0” but Eya must not be of the form 9 * 
0 


and, again, on referring to Art. 39., if (5) = 0, 


ate 
ay R Tz) RES A, T 
dx? Ery dz é 
dy 
I4 
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and if this be positive we have a minimum, but if negative, a 
maximum value, 
This method, however, of determining maxima and minima is 


very incomplete, as it does not discuss the cases where (T) or 


any other of the partial derived functions become infinite; and 
it is, therefore, to be taken as a suggestion of the manner in 
which such problems are to be solved: the best plan is to deter- 
mine the special maxima and minima values for each problem 
separately, as follows. 


Ex. Required to find the maxima and minima values of y, 
having given 
y+ 2—3 ary= 0. 


hee paai | 
de yt — az’ 


xz 
which = 0 if 2? =ay, ie. if y = 7 whence we have from the 


equation 
go. a 
z=0 ss eee ot 
y=0S?  y=2! 
The latter values render the denominator of SY Z +ve, and 
therefore there is a change of sign of SY Z from + to —, and, 


therefore, these values correspond to a maximum. 


If z= 0, y = 0, = = 4 which must be evaluated. as in 
Art. 62, 
dy 22—a ot y 
Bes a O TO 
E * 
dy at 
Pee: a hee 
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If Ee = 0, it changes sign from — to +, which indicates a 


minimum. 


For other examples, see Mr. Gregory’s Collection, chap. vii. 
sect. ii. 


C. Maxima and Minima of Functions of Two or more Variables. 


83.] First, of two variables. It is advisable that the reader 
_ should be familiar with geometry of three dimensions, or with 
some subject in which a variable is a function of two or more 
variables, as the problems we have to solve are such as the fol- 
lowing. 


Let it be required to find the maximum value of z, having 
given z= f (x, y) which equation represents a surface, and, 
therefore, we have to find what are the values of x and y, that 
the corresponding value of z shall be greater than its values 
when x and y either increase or decrease by a small quantity. 
As, for instance, suppose the plane'of xy to pass through the 
centre of a sphere and the origin to be on the circumference, z 
will have a maximum value when the corresponding values of x 
and y refer to the centre of the sphere. 


Let u = F (x, y) be the function of two variables of which 
the maxima and minima values are to be determined. Then it is 
plain, from what has been said in Art. 77., that if 2) Yọ are the 
particular values of x and y, to which corresponds a maximum 
or minimum value of u, then F (2, Yọ) is greater or less than 
the values corresponding to the variables whether x varies 
when y is constant, or y varies when z is constant, or whether both 
increase or decrease together, or whether one increases and the 
other decreases; that is, F (1) +h, yy + Å) is to be less or greater 
than F (2, Yy) whatever be the signs of h and k, and in what- 
ever manner these signs are combined. Therefore, if F (£o Yo) 
be a maximum, F (2, y,) is greater than F(a)+ hs y+); 
and if F (x,¥)) be a minimum, F (2, Yə) is less than 
F (xy + Å, Yo + &). 


By the Expansion (22) in Art. 72. we have 
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F (£o + hy Yo +h) — F (2o Yo) = 
ae) a+ (Ge) 
+ (E Dera ay) e+ (Ge Ta) Phas 


+$ i) P1 (arap) (asa jap) H+ Taels 


-}- 
the several partial differential coefficients having values corre- 
sponding to x, Yo 

But, as before observed, F (a, + h, Yo + &) — F (a, Yo) must 
have the same ‘sign, whatever be the signs of h and 4, and in 
whatever manner combined; and as h and k may manifestly be 
taken so small, that ‘the sign of the whole expression may be 
made to depend on that of the term involving the lowest powers 
of h and A, it is plain that this requisite condition cannot be 


fulfilled, unless 
Te) + (Gy) = 95 


and, as no relation is given between A and 4, we must have 
dE dE 
x) =0, =) io. 
And suppose that the values of v and y, which satisfy these 


conditions, do not make E Ta) = ( 5 mi) = (T a)= =0, then 


the next term, which gives the sign to the whole expression, is 


—) +2 (E n)a A rW 


and this must not change sign when the signs of h and & 
change, for which it is requisite that 
QF 


Ist, =) and (T=) should be of the same sign ; 
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aE rer r 
2d, ( T a) should not be of such relative magnitude to the 


other terms as to affect the sign of the whole, which condition 
will be satisfied if the whole expression can be put under the 
form of two squares; i. e. if four times the product of the first 
and last terms is greater than the square of the middle term, 
that is, if 
or NE 
=) (a de 3) is greater than EEFT 7) ; 
This relation, having been determined by Lagrange, is known 


by the name of Lagrange’s Condition. 
a? 
If these several conditions are fulfilled, and (Ta) and (aa) 
are positive, F (2, yọ) is less than F (z, +h, y +h), 
. né ate aE : 
and is a minimum; but, if (G3) and (ap) are negative, 


F (2% Yo) is a maximum. Hence arises the following rule for 
the determination of maxima and minima of a function of 
two unconnected variables. Let u = F(x,y) be the func- 


tion; determine the values of x and y, which render T) 


= 0 and (T) = 0; if these do not make to vanish (Ta) 


PF 
mps irag) * and (is =)» and if ( oa) Ge) be greater than 
dF 
da? 
positive, will F (z, y) be a maximum or a minimum. 


G TD 3 tha; according as 4 and (a) are negative or 
Ex. w=Fr(z,y)= 234+ y — 3ary, 


(E) =32—3ay=0,ify =~ 


dF ; 
A = 3%} — 3ar = 0, if Y = az 


ee apg 
zA adi 
y=0 y=a. 


prne gAn aia 
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E 

ia) = 8 

CN < À aE ) ye ox 
E) T S Seae (Ga ey ea) ee 
d? E p — 9 a, 

a 


If s= 0, y= 0, Lagrange’s condition is not satisfied; 
therefore there is no corresponding maximum nor minimum. 


2 
Piety s aA = (aa) = 6a, and are both positive, 


the condition becomes 27a”, and is therefore satisfied, and we 


have a minimum value of u, viz. u = — a’. 


If the values of x and y, which make e3 =0 and b- 


dE dF ER 
also make os Ga) , and ( ap equal to 0, then the first 


terms in the expansion that do not vanish are those involving 
h®, h?h, hk, and °, which manifestly change sign with A and h; 
and, therefore, in the same way as was argued in Art. 81., there 
cannot be a maximum or minimum value of the function unless 

dF d? F ) i 

— —,,—)}, &c. also vanish, and the terms involving 

d aa du? dy ! 2 © 
hi, &c. do not vanish, and a relation must exist between them 
analogous to Lagrange’s condition; and so, in general, the 
function can only have a maximum or minimum yalue when, 


for those values of z and y which make ee and (a) equal 


to 0, the first derived functions that do not vanish are of an 
even order. 
84.] The geometrical meaning of Lagrange’s condition i Is as 


follows. 


Conceive a point on a surface, at which or Sa =0, and Ea 
y 


= 0, and a normal to be drawn. If sections be made of the 
surface by planes passing through the normal, it is manifest 
that, in general, the curvature of these will be different, and 
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different not only in amount, but also in direction: the radius of 
curvature of one section may be in one direction, and of that of 
another section in the contrary direction. Now, if the curvature 


he aE 
of every normal section is turned the same way, then ( a 


mR. EENS EANA E ; 
(5) is greater than (Ger) , and it is plain that in such 


‘a case there is a maximum or minimum value of the function ; 


but if eee (ss) be less than ( ia i the curvature of 
: dx? dy? dxd y 
some sections is turned one way, and of other sections the 
opposite way, in which case some sections would give maxima 
and others minima values of the function. The ellipsoid and 
hyperboloid of one sheet are good instances of these two cases 
Gon fa EY fa RN? saa. Af 
(aa) = ay) > &@ Series o 
maxima or minima values : ihe function is indicated ; such as, 
if z=F (x,y) represent a surface formed by the revolution of 
an ellipse about an axis parallel to its minor axis, the extre- 
mities of the minor axis generate circles which are loci of 
maxima and minima values of z. The proof of these statements 
belongs to the province of solid geometry. 


respectively. But if (a) 


85.] If the function, of which the maxima and minima values 
are to be determined, is of three variables, viz. u = F (zx, y, Z), 
the conditions for a maximum or minimum are determined as 
before in Art. 83., and become 


dE dE dE 
=o (B)=0 G=0 


and there must be no change of sign, whatever be the signs of 
h, k, ban 


aa) j (Ta) pit (z=) P+ 2 (aie z) ki 


+2 (i rg) th +2 (iy qer) 


Which condition will be fulfilled if 
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ay aa) Cag Gi sate (ipaz) pe 
San EE iz) + (gas)? j 
(aa) (z7) + G 9 a) "+3 (graz) (aga) be 
> (ae) r+ a(d) (fas) t+ Be Seas) ® 
(Gen): (Sex) (Gpas) § Ga) Gs) Gea) 4 
>1 (as) ene (t) ( ) (aa) Y 


In like manner, if the function be of more variables, may 
the conditions of a maximum and minimum be determined. 


86.] When, however, the problem is to determine the maxima 
and minima of a function of several variables, it frequently 
happens that certain equations are given between the variables, 
so that the number of independent variables is less than the. 
number in the given function. Thus, suppose we have to 
determine the maxima and minima values of 


Uae BN Ree ba J 
a function of n variables z, Y, z,..... ; and suppose, besides, 
we have m equations given, connecting these variables, viz. 
Ane CAN) a aft arel aa ) ae Os 
Fy ee Ys Zo seses ) =e Oh, 
PACA Hes TSS ya 


In order to apply the method which has been explained in 
the last Article, it would be necessary to eliminate m variables 
between m-+1 equations, by which means «u would become a 
function of n—m variables; and then forming the partial de- 


i d dF d 
rived functions (F ): ta T) , &c. the number of which is 
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n—m, and equating each to 0, we should have n — m equations, 
from which we could (theoretically at least) determine the 
n—m variables. This method, however, though theoretically 
possible, is frequently attended with great difficulty on account 
of elimination; and, if the original expressions be symmetrical, 
the symmetry is destroyed by it: in which case we may proceed 
as follows. 

It is plain from what has been said, that, as there are n—m 
variables entirely independent in their variations, we have 
n—m conditions to make; which will be equivalent to equating 

to 0 the (n—m) partial derived functions, with respect to these 

variables, of F (zx, y, z,...). Differentiating the functions in 
order, and remembering that Du=0, because u is to be a maxi- 
mum or minimum, we have 


pu=o=() da4 (2E Ja =) dz + &e. 


0= (2) ae (48) ay (2 ) dz + &e. 


Om (53) ds +(G2) ay + ($2) dz + &e. 


E (G2) dz+ (72) dy + (G2) dz + &e. 


The meaning of which is, that 2, y, z, &c. do not vary inde- 
pendently of each other, but consistently with the conditions 
involved in the last m equations. Hence, to eliminate dx, dy, 
dz, &c. multiply these equations by indeterminate quantities, 
Ns Ags Ags ++ Am and add to the first; and, collecting the co- 
efficients of dz, dy, dz, &c. we have 


iG =) +m (9 aS cae (Ga) | ae 
+{G) +a (Ge 7) +s (F2) HT +n (T) } dy 
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s3 ee saddi 
-+ f . . . x . . . . . . . . . . . . . l eee 
+ PP E SPP cots gh TMT pit: Uh ny ted a fs coe = 
Which equation is subject to n conditions, viz. »—m, on ac- 
count of 2—m independent variables being involved, and m on 
account of our having introduced m indeterminate multipliers 


Ajs Aos Àg +++ Ay Let these conditions be that the coefficient 
of each differential is equal to 0; 


F aa M I) HA ee rn 
+n Cp) on) + em 


between hich onions M, , Ri are ie ba EERE T pe 
£, Y, Z, &e. determined, which will he. the values corresponding 
to a maximum or minimum value of F (z, y,z...) The sign 
of the second differential coefficient will determine whether the 
particular value be a maximum or a minimum: but, in most . 
cases where this method is applicable, the form of the function 
at once decides whether it admits of a maximum or of a mi- 
nimum. 


Ex. 1. Suppose a, b, c, p to be constants, and it is required 
to determine the minimum value of uv? = 2? + 7? + 2, having 
given 
pax + by + cz. 
D(u?) = 0 = 2adx + 2ydy + 2zdz, 
O = adx + bdy + edz; 


(2x +a) dx+(2y+b) dy +(2z+ rc) dz = 0, 


2x+rAa = 0, 2y+ArAb = 0, 2z+rAc= 0, 

Qe 2y_ Az A(aat+by+ez) _ 2p 

ab” e¢” §=©©6a@4 PHAR hua BHO 
_ 2HE TP +e) _ 2u 


“Va? + 0 + +a) Wa + by by Preliminary Pro- 


position III. 
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ies ee, ee 
T= Otte Y= PEPE PERT 


ot eee Aaa 

~ (a? + 6? + e>) 

Ex. 2. To determine the lengths of the Semi-axes of an 
- Ellipse referred to its Centre and Conjugate Diameters. 


Let w be the angle between the conjugate diameters; then, 
_if r be the distance of any point in the curve from the centre, 
the maximum and minimum values of 7 will be respectively the 
semi-major and semi-minor axes. Let a, and b, be the semi- 
conjugate axes; then we have 


a? y? 
oo eR | 
r= 2? + 2rycosw +y; 


vA ae Aig 
ai dx + 63 dy = 0; 


(z + y cosw)dx + (y + xcosw) dy = rdr = 0; 
J 1 ge th(e+y cosa) | dx+ {rete cosu) | dy= 0. 
1 


Let. < +A (x+y cos w) = 0 
“i Multiply the first by æ, the 


oe + A (y + z cos w) = 0 second by y, and add: 
1 


a y? 
a Va +A (2 +4 2ay cos w +y?) = 0. 
1 1 
Lehr? = 0; A A=— =. 


Whence substituting, 


1 l 1 
(a — a) a 72 COS w Yy Fi 


1 1 1 
sae COS wx + F 1 )y = 0: 


K 
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and, by cross-multiplication, 


1 1 1 1 1 
Cai a poem 


ri — (ai + bi) r? + ab sin? w = 0. 


And, since the roots of this equation are a? and b°, we have by 
the theory of equations 


é œ += a+b 
ab = a,b, sinw, 
two well known properties of the ellipse. 


For other examples illustrative of the processes explained in 
this chapter, see Mr. Gregory’s Collection, chap. vii. 


www.rcin.org.pl 


87.] 131 


BA re th 


Geometrical Applications. 


CHAP. VIII. 
ON THE GEOMETRICAL INTERPRETATION OF SYMBOLS. 


On Geometrical Principles. 


87.] In the first chapter of this work, when we were discussing 
the subject matter of the Differential Calculus, we laid down 
that the magnitudes which we symbolise are of two kinds, 
constants and variables ; and we said that the variables of which 
we were going to treat change value in accordance with the law 
of continuity. It appears, also, from what was said in a subse- 
quent article of the same chapter, that the variations of these 
variable quantities are confined within certain limits, which 
cannot be more accurately defined than that they are infinity 


“ae ES 
and zero, that is, 0 and 0. Our object in the present chapter is 


so to enlarge our conceptions of geometry and geometrical mag- 
nitudes as to adjust them to what we have thus made principles 
of the Calculus; but as we are not writing a treatise on the dif- 
ficulties of elementary geometry, we shall rather state results 
than discuss the methods by which we have arrived at them, 
adding, however, a few illustrations to render our conceptions 
more sensible.. Much confusion seems to have arisen in this 
branch of mathematics from writers not accurately distinguish- 
ing between the mode of generating geometrical quantities and 
geometrical quantities when generated: in the following remarks 
the ideas of motion and of limits are introduced; motion as 
haying to do with the generation of quantities, and limits as a 
property of them when generated. ‘This, however, does not 
encroach at all on the province of mechanics, wherein we treat 
K 2 
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of motion as the effect of certain causes, and discuss its circum- 
stances; as e.g. the law of the force which produces it, the velo- 
city with which the moving material changes position, which 
necessarily involves time, and so on: but in what follows we 
consider motion as a simple act, a primary conception as a quality 
of matter; and if it tends, as it does, to give clearness to our 
first geometrical conceptions, it is nothing but a servile ad- 
herence to an inferior, though customary method, which would 
hinder us from introducing it. 

It is conceived that all geometrical quantity, whether linear, 
superficial, or spatial, is, from its very nature, capable of increase 
or decrease to an indefinite extent. A line may be very long, 
nay, of an infinite length, or very short; space may be very 
small, such as, so to speak, it would require a microscope of 
almost infinite power to render visible, or it may be very large: 
whenever such quantities vary, they do so in accordance with 
the law of continuity (see Art. 4.); they cannot pass from one 
magnitude to another without passing through all intermediate 
magnitudes; they “ grow” larger and larger, or less and less. 
This capability of increase or decrease is inyolved in our idea of 
geometrical quantity ; it is a property of it; and it is contrary to 
our conceptions to say that such change can be only by alterna- 
tions. Space may become larger without first becoming smaller, 
and a line may continue to grow longer and longer, without ever 
becoming shorter, and vice versé; that is, the increase may be 
progressive, and so may the decrease. 

There are, however, limits within which this variation is in- 
cluded: the superior limit of geometrical magnitude of the con- 
crete kind, called space, is infinite space; so of superficial and 
linear magnitudes, the superior limits are. respectively infinite 
superficies, and a line of infinite length. 

The inferior limit of all these is the same, the geometrical 
zero, a point. We wish all that has been said in the first chapter 
on infinity and infinitesimals to be transferred to this place, with 
the single exception that what has there been laid down, having 
had reference to abstract numerical quantities and zeros, is now 
to be referred to concrete geometrical magnitudes. 


88.] Of the Definitions of Geometrical Quantities founded 
on these conceptions, the following are useful to our present 
purpose. 


www.rcin.org.pl 


88. ] GEOMETRICAL INTERPRETATION OF SYMBOLS, 133 


I. A point is the inferior limit of geometrical space. 

II. A sphere is the locus of a point in space, which is always 
at the same distance from a given point. 

IIL. A plane is the surface of a sphere, the radius of which is 
infinitely great. 

IV. A circle is the locus of a point, which is always at the 
same distance from a given point, all the points being in one 
plane. 

V. A straight line is the arc of a circle, the radius of which is 
infinitely great. 

VI. A triangle is a plane figure contained by three straight 
lines meeting one another, two and two. 

VII. And, if the triangle be isosceles, the sides of that triangle, 
having a finite base and the vertex at an infinite distance, are 
parallel straight lines. 


_ As this is not intended to be an accurate treatise on the prin- 
ciples of geometry, many words are used which have not been 
defined, as line, locus, &c.; these, however, are to be taken in 
their ordinary significations, and it is to be observed, with 
respect to these definitions and conceptions, that the surfaces, 
lines, &c. they refer to, are only approximations to the accurate 
ones. But they are such approximations as may differ from the 
real ones by quantities as small as we please; and as these small 
quantities may be infinitesimals, such that it would require an 
infinity of them to make a finite quantity, and we do not take 
an infinite number of them, these differences may, in conformity 
with what has been said in the first chapter, be neglected, and 
our definitions are, practically, rigorously exact. 

Having defined a plane, as we have done, to be the limiting 
spherical surface when the radius becomes infinitely great, it 
follows that the extreme positive side of the plane, when con- 
tinued, runs into the extreme negative side; that is, having 
traced the plane as far as we can on the positive side, we meet 
it again on the negative ; and, although the surface appears to be 
discontinuous, it is not in reality so, the positive side being 
continued into the negative, and the apparent discontinuity 
arises from the defects in our powers of apprehending and sym- 
bolising such quantities. Thus, then, if we have any continuous 
curve traced on the plane, and the curve runs off to the extreme 
positive side of the plane, we ought not to consider it to stop 

K 3 
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or to have points of discontinuity, but we must consider the 
branches of it to be continued, and must look for them on the 
negative side of the plane. We may borrow from the figure of 
the earth, and our mode of determining position on its surface, 
an illustration of what is here intended. We measure, say from 
the meridian of Greenwich, degrees along the equator to 180° 
east longitude; and then, instead of proceeding further on, and 
measuring in the same direction, we measure backwards, and 
reckon degrees of longitude west; and what would be 181° east 
longitude becomes 179° west. If, then, east corresponds to the 
positive direction, west does to the negative. 

It is worth remarking how exactly our ideas of a plane coin- 
cide with the definition I have given. We speak of the surface 
of water-as a plane, and consider it to be level, whereas it is a 
portion of the surface of a sphere, whose radius is very large 
compared with the area we take, say 4000 miles compared with 
a few inches, 

So, again, as to our conception of a straight line. A straight 
line being a particular instance of a circle is a continuous line ; 
it does not terminate at positive infinity nor at negative infinity, 
but the two branches of the line are connected with one another, 
running, if we may so speak, round the circle of which the 
radius is infinity, and joining together. If, then, we take any 
given point on the circle as the origin, the distance to the oppo- 
site extremity of the circle is positive infinity, and we do not 
measure or follow the line farther in this direction, but consider- 
ing the line to be continued beyond that point, we meet it on 
the opposite side, and measure it backwards. There is no point 
of discontinuity in the line: the line proceeds in the same di- 
rection ; it has been positive infinity ; the pole or extremity of 
the diameter of the circle has been passed, the line becomes 
negative infinity. The illustration above given from the figure 
of the earth aptly illustrates our meaning in this case. Con- 
sidering any meridian to be the very large circle, and taking 
any place on it to be the origin, the “ antipodes” to it becomes 
either positive infinity or negative infinity according as we mea- 
sure in the positive or negative direction ; the sign of the quan- 
tity changes immediately after the pole has been passed, and 
what was positive infinity becomes negative infinity. Therefore, 
in this point of view, infinity is not a quantity incapable of 
increase, for the line may be continued round and round the 
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meridianal circle as often as we please; there is no limit to the 
quantity, the limit is to our powers of symbolising such quan- 
tities. 

It is worth observing, too, that the definition given of parallel 
straight lines enables us to avoid the difficulty connected with 
our first introduction to the theory and properties of such lines. 
Having shown, as Playfair has done, that the exterior angles of 
a triangle are together equal to four right angles, it follows that 
the interior angles are equal to two right angles: but if the 
base of a triangle remains finite, and the vertex is removed fur- 
ther and further, the vertical angle becomes less and less, and 
diminishes without limit,in which case the sum of the base 
angles is equal to two right angles, and the sides become parallel 
straight lines, and thus their properties, which are enuntiated in 
the xx1xth proposition of the first book of Euclid, imme- 
diately follow. i 

A good illustration of this theory occurs in the phenomena of 
parallax. If the angles subtended at the centre of the earth by 
the sun and any fixed star, whose’ parallax has not been dis- 
covered, be observed when the earth is in perihelion and at 
aphelion, it is found that, notwithstanding the extreme delicacy 
of our instruments, the sum of these two angles is exactly equal 
to two right angles. Taking, then, the two positions of the earth 
to be the extremities of the base of a triangle, and the line passing 
through the sun’s centre and terminated by them to be the base, 
and the fixed star to be the vertex, it appears that, although the 
base of the triangle be 190,000,000 of miles, the angle sub- 
tended by it at the vertex is nothing, and the two lines drawn 
to the star from the earth, at the two positions of it, are parallel 
straight lines. 

89.] In corroboration, also, of what has here been stated, 
the following are a few out of a great many striking instances. 


In differentiating tan 6, we have 


d.tan 4 


ey mens sec”, 


which is necessarily a positive quantity ; and therefore, by 
Theorem I. Chap. IV., ô and tan are always increasing and 
decreasing simultaneously, and therefore as 4 increases tan 4 in- 
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i 
creases. Now, as ô approaches to 90°, tan 6 becomes + D? and 


; PU 
immediately after § has passed 90°, tan ð becomes — D indicat- 


ing that negative infinity is positive infinity increased, that is, 
as @ has iiai and passed through 90°, tan ô has increased 


from + to — 5; and, so again, as 4 increases from 90° to 180° 


tan ô is continually increasing from — 5 to 0, and passes through 


0, and increases to + 3 which is the value of tan b, when @ = 


270°; and so on, as ô increases tan ĝ is continually increasing, 
travelling, if we may so say, round the circle of which it is con- 
ceived the straight line along which tan ô lies is the limit when 
the radius of the circle is infinitely great. It is impossible not 
to remark how exactly this illustration agrees with what has 
been said in Chapter J. on the order of infinitesimals. Cor- 
responding to every 180° sn which ô turns, tan ô passes 


from O to ap and on through Š ~ to 0 again; that is, the path 


through which tan@ has travelled is infinite, although ô has 
passed over only a finite quantity. When, then, ô has revolved 
through 360° and 540° and 720°, and so on, tan 4 has travelled 
over a length of line equal to twice, three times, four times, &c., 
the infinite length corresponding to a revolution of ô through 
180°, and thus we have infinities bearing a finite ratio to each 
other. Conceive, moreover, to have revolved an infinite num- 
ber of times through 180°, then the distance over which tan 6 
will have travelled will be an infinity of infinities, that is, will 
be (infinity)’, and thus we obtain different orders of infinity. 


Again, suppose we had given the following problem: to find 
the maximum and minimum values of y, when 


kee 
4 (a—3)°? 
dy _ _ (+2) (w+12) 
dz” CEEE 
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dy 
da 
value of y is neither a maximum nor a minimum. How then is 


3 ) 1 LOA ; 
the result to be interpreted? As follows: since T is negative, y 


¥= a when x = 3, but as does not change its sign, this 


decreases as x increases, and when v is a little less than 3, y = — F 


but when « is a little greater than 3, y = + : therefore, as æ 


p 
has passed through 3, the value of y has changed from — ; 


ise 


6° but y has decreased during this progressive increase of 


J ba F 
æ, therefore + 58-5 decreased ; therefore y has not reached 
a minimum or maximum value when x = 3, because it has not 


1 i / 
become — 0° and then returned, but it has gone on decreasing. 


And if we draw a graphical representation of the curve corre- 
sponding to the equation, such as in fig. 10., the phenomena 
explain themselves. The curve on the negative side of the axis of 
y is of the form CB, where OB = 2; and if oa = 3, the curve 
is continually approaching the line drawn through A parallel to 


; ; i l 3 
the axis of y, and when « is nearly 3, y is — 0° but when z is 


greater than 3, y is + z that is, the curve has crossed the 


0 > 
asymptote at the pole of the circle of infinite radius opposite to 
A, and has returned in the direction EF, the branch in the di- 
rection of E being a continuation of that in the direction of D. 
Similarly the branch in the direction F would, if produced, unite 
itself to that in the direction C, having crossed the axis of xv at 
the pole opposite to o. 

In corroboration of this theory, it will appear that if the 
criteria, which will be discussed in the next chapter, be applied, 
whenever a curve is of the form fig. 10., at such points as 
where the branch E meets the branch D, and crosses the asym- 
ptote, we have all the characteristics of a point of inflexion ; and 
if the curve be such as in fig. 11., we have the characteristics 
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of a point of embrassement; and whenever such as is repre- 
sented in fig. 12., all the conditions ofa maximum and minimum 
ordinate. 

And so, again, whenever a branch of a curve continues to 
infinity, it always returns in some way or another; and, in 
whatever manner a rectilineal asymptote be drawn, no branch 
of the curve ever goes off asymptotic to it without returning in 
one of the ways indicated in the figures 10, 11, and 12.; and it 
seems impossible to account for such phenomena except on the 
theory explained above, viz. that the plane and the straight line 
are respectively the superior limits of the sphere and the circle, 
when the radii become very large. 


On the Interpretation of Symbols of Direction. 


90.] In algebraical geometry, and, therefore, in the applications 
of the Differential Calculus to the theory of plane curves, we 
meet with symbols of two distinct characters: symbols of 
quantity, such as a, b, c, ... x, Y, Z, 9, P, Vs +». when symbolical 
respectively of lines and angles; and symbols of direction, 
+,—,+0/(—), — W(—), &c. Our object is so to enlarge our 
method of interpreting symbols of this second kind, as to com- 
prehend those which are usually called impossible, of which, 
however, we shall discuss only two, viz. + /—, — /—, or as 
they may be written, in accordance with the index law, 
+(—), —(—)!. For a fuller explanation of the principles of 
explaining these symbols, we would refer to Etudes Philoso- 
phiques sur la Science du Calcul, par M. F. Vallés; and for 


the general theory on the meaning of CEJ to Dr. Peacock’s 
Algebra, Mr. Warren’s treatise on the subject, and to several 
papers in the Cambridge Mathematical Journal. 

As to symbols of quantity, it is to be observed, that, when we 
symbolise a line by a, we do not mean that a is the absolute 
length of the line; for all lengths can only be relative, and there 
must be some modulus or standard to compare them with: but 
we intend a line which is in length a times some arbitrary, 
though for the time fixed, standard unit. So, a line symbolised 
by b is a line d times in length some unit. Thus, then, a, b are 
numerical quantities, not concrete magnitudes, but abstract 
quantuplicities, the subject matter of arithmetical algebra, and, 
therefore, subject to its laws; they do not designate the absolute 
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lengths of lines, but the number of times a certain concrete 
unit is to be taken. So, again, if an area be symbolised by a b, 
a and b are abstract numbers, which must be multiplied 
together by the laws of arithmetical algebra, and their product 
is the number of times the superficial unit is to be taken. Let it, 
then, be carefully borne in mind that this is the meaning of the 
- several symbols of quantity, whether constant or variable, which 
we shall use in the next and following chapters. Suppose, then, we 
have a line symbolised by a, and we fix upon a certain point as 
` the origin from which lines are to be measured, any line drawn 
from it, equal in length to a times the linear unit, will fulfil the 
requirements of the single symbol a. Inasmuch, then, as an 
indefinite number of equal lines may be drawn from any one 
point, thus far we have no means of determining which of all 
such lines is intended; hence arises the necessity of some other 
symbols to indicate direction, or, as they are called, symbols of 
affection. One or two of the most simple cases of these we 
proceed to explain; feeling assured that the principle of explan- 
ation is so entirely in harmony with the usual meaning of + 
and —, that it ought not to be omitted in an elementary 
treatise; and also because it enables us to show that an alge- 
braical curve, though apparently discontinuous and confined 
within certain fixed limits, is not in reality so, but extends to 
infinity in all directions. Other parts of the theory (some of 
which are as yet not sufficiently established) we omit, as unsuited 
to our present object. 


91.] Suppose 0, fig. 13., to be the point from which lines are to 
be measured, and oa = a times the linear unit to be drawn from 
O towards the right hand. Now, since, as we said above, any 
line drawn from 0, a times the linear unit in length, will be sym- 
bolised by a, it is necessary to fix on some originating direction ; 
suppose this to be OA, and any line measured from o towards 
A to be affected with the symbol of direction + ; if, then, after 
a line has undergone any operation or a series of operations, it 
comes into the position OA, it is still to be symbolised by + ; 
and, if the line be a, by + a. Such an operation we may con- 
ceive to be a reciprocating one, the line at one time being in the 
position OA, and at another in the position o'a’, having moved 
sideways, and assumed all intermediate positions. Or, we can 
conceive that the line oa has revolved round the point O, and,, 
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having turned on the plane of the paper through 360°, has again 
come into its original position, and so on continually; and it is 
manifest that.as often as it has revolved through any multiple 
of 360°, it has assumed its original position OA, and is therefore 
to be symbolised by + a. So, also, there are many conceivable 
ways in which the line may have moved, and that periodically, 
and at the end of a complete period be in the position oa, 
But have we any other customary mode of indicating direction, 
to serve as a guide which of these conceivable operations to 
take? Wehave. Whenever a line equal in length to a is mea- 
sured from O towards the left, we symbolise it by — a; if, 
therefore, either (—) were a symbol for the operation of one 
oscillation having been performed on the line, i.e. the line 
having passed into the position 0 A,, or (—) symbolised the line 
oA having been turned through 180°, either would account for 
the negative sign of affection, and (—) would be the symbol of 
the operation; but, under the first hypothesis, the line at one 
stage of the process will be half on the positive side of the 
origin, and half on the negative. If, therefore, the operation be 
continuous, which it is, in passing from + to —, there should 
be some symbol to indicate that particular stage; it does not, 
however, appear that we have any symbol of the kind; and such 
a motion, and a line in such a state, are what in our ordinary 
geometrical conceptions we do not use nor contemplate. Let 
us, therefore, consider whether we have not symbols to indicate 
a line in any intermediate position between OA and OA, conceiy- 
ing the line to pass from the one position to the other by means 
of revolving through 180°. 

As we said before, whenever the line is measured from o in 
the direction OA, it is to be affected with a + sign. Taking, 
therefore, O as the origin of line, and OA- as the direction line 
from which symbols and operations of affection are to be 
originated, whenever a line, as e. g. OA, has turned an integral 
number of times through 360°, it is to be affected with the sign 
with which it started. If, therefore, it was affected with the + 
sign at first, indicating that it started from 0, and if + be the 
symbol of turning through 360°, after one revolution the symbol 
of affection is + on the back of +, i.e. according to the index 
law +2; similarly after two revolutions, +°; and after (x — 1) 
revolutions, +”. Supposing, therefore, that the line which is 
of the length a, when along the originating direction OA, is 
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unaffected with any sign, + a means that the line has turned 
through 360°, and has come again into the position whence it 
started; and so +”a means that a line of length a has revolved 
n times from the direction of origination, and is in the position 
OA; whence it appears (in accordance with the arithmetical 
meaning and law of +) that + is, for symbolical purposes of 
direction, equivalent to +”, being a whole number. 

In conformity, then, with the algebraical law of indices +? is 
the symbol of that operation, which, being performed twice, one 
on the back of the other, brings the symbol into the value + ; 
that is, if + signifies turning the line through 360°, (+ )! indi- 
cates turning it through 180°, but — symbolises this operation, 


+? = —, and(—)= +; 


or the operation symbolised by (—) performed twice, one upon 
another, is equivalent to the operation signified by +, and 


2n+1 
means turning a line through 360°. Similarly, again, (+) 2° is 


equivalent to —, for it is equivalent to +"t#= +” (+= +"—; 
and this coincides with the ambiguity we have always in the 
sign of +3, for it may, as far as the form + teaches, be either 
+ or —; if therefore the +, whose root has to be extracted, 
be raised to an even power, its root is to be affected with a 
positive sign; but if the + be +%"+1, then the square root is 
+” ++, which is equivalent to —, and the root must be affected 
with the negative sign. Hence, also, it is plain that /(—a) 
/(—a), which equals /a?, can only be — a, because the +, 
with which a? is affected under the radical, is of only the first 
power. 


Therefore we have shown that in symbolical geometry 
ist, =P. oe) 
Qn+1 l . 
24, + 2? = — 


92.] So, again, +4 symbolises that operation which, being 
performed twice, one on the back of the other, is equivalent to 
+#, i e. to(—), and, being performed four times successively 
one on the back of the other, is equivalent to + ; 


44 -= (—}; 


and, therefore, as — indicates that a line is to be turned 
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through 180°, so (—)! means that a line is to be turned 
through 90°. Whenever, then, a line is affected with (—)}, 
which is equivalent to +, as its symbol of direction, that 
line is to be drawn at right angles to the original direction 
of origination, viz. in the direction OA, (see fig. 14.); 
and whenever the symbol of direction is +4, which = +} +# 
= —(—), the line which is affected with it is to be drawn 


Antl, ; 
as the direction OA, Similarly, + 4 indicates a line drawn 
4n+3 
in the direction 0A,; and + 4 a line drawn in the direction 


l 
OA, So, also, + means that that line with which it is affected 


° 


: . 360 mde ete ; 
is to be drawn at an angle of na to the originating direc- 


tion OA. 


93.] To apply these principles to the delineation of plane 
curves from their equations, suppose y=f(x) to be the equation 
to the curve; since 2 and y have already preoccupied the two 
directions at right angles to each other in the plane of the 
paper which is called the plane of reference, we must seek for ` 
some other means by which a line which has been measured in 
the positive direction may be made to turn through 180° into 
the negative. Such will be the case if it is made to revolve 
in a plane to which the other axis is perpendicular; as, for 
instance, if x revolves in a plane at right angles to the axis of 
Y, by which means, whenever v is affected with + (—)f, it is 
measured in a plane passing through the axis of y, and perpen- 
dicular to the axis of x. Similarly, if y be affected with + «—y, 
it is to be drawn in the plane passing through the axis of z, 
and perpendicular to the axis of y. Thus it appears that an 
equation between x and y not only represents a curve in the 
plane of the paper, but also curves in the planes at right angles 
to it, passing through the axes of 2 and y. An example is 
subjoined. 


To trace the curve whose equation is 
it arise a4 


y=. Ve = s); 
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and this represents a circle in the plane of the paper for all 
values of x less than a: but, when x is >a, we have (see 


fig. 15.) 
Pee): 
which represents an equilateral hyperbola (indicated by the 
dotted line in the figure) in a plane passing through 0 A, and at 
right angles to the plane of the paper. Similarly, we have 
peer (al y); 


which represents the same circle as before in the plane of the 
paper for all values of y less than a: but, when y is > than a, 


z= prva 


which represents an equilateral hyperbola, and which is to be 
drawn in the plane passing through .OB, at right angles to the 
plane of the paper, and is represented by the dotted line in the 
figure. The straight lines are drawn to represent the asym- 
ptotes, and are to be considered to be in the planes in which the 
hyperbolæ are drawn. Their equations are 


y= +(—)iz, x= t(—)y. 
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CHAP. IX. 


ON PROPERTIES OF PLANE CURVES AS DEFINED BY THE 
EQUATIONS REFERRED TO RECTANGULAR CO-ORDINATES. 


In the following discussion we shall find it convenient to use 
sometimes the explicit or resolved form of the equation to a 
curve, viz. y= f(x); and sometimes the implicit or unresolved 
form, viz. u = F(a, y) = c, c being a constant, and admitting 
of the particular value 0. As, e. g., the equation to the ellipse 
may be put under either of the forms, 


y= t : v (a? — 2") 


94.] To find the Equation to the Tangent to a given Curve. 


Der. The tangent to a curve is that line which passes 
through two points of the curve which are infinitely near to 
each other. 


Let & n be the current co-ordinates to the tangent; and, 
first, let us consider the two points through which the line is to 
pass to be at a finite distance apart. 


Let x, y be the co-ordinates to one point, 


tH At Y FRAY ss b ies wd «2. She OLIES 
$ f 3 Ay 
Then the equation to the secant is 7—y = pe (E—z). (1) 


If the two points become infinitely near to each other, ac- 


cording to the principles of the Calculus, ay becomes dy the 


dx’ 


secant becomes a tangent, and the equation becomes 
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or, as it may be written, es es (3) 


_ If, therefore, the equation to the curve be given under the 
explicit form y = f(x), by differentiation we have 


dy _ 
fe afe} 
and the equation to the tangent may be found immediately 


from (2); but if the equation to the curve be given under the 
implicit form u =F (2, y) =e, 


then Du= dE) da 2+ (5 dy =0; 


and substituting for dx and dy their proportional values given 
in Equation (3), the equation to the tangent assumes the form 


E- ()tO-nNG)=- @ 


If the equation to the curve be a homogeneous function of n 
dimensions, then, since by the property of such functions proved 


in Art. 75., 
TE 


the equation to the tangent (4) assumes the simple form 


Dere oi 
Ex. 24% =l=rey)=n 
z i A er: 
is the equation to the tangent of an ellipse. 
L 
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95.] From the definition of a tangent which has been given, 
there immediately follows a remarkable theorem as to the limit 
of the number of tangents which can be drawn to a curve from 
any one point. 


Suppose the equation to the curve to be of the nth order: 
then a line drawn through any point cannot cut the curve in 
more than v points; and, therefore, there cannot be drawn more 
lines cutting the curve in two points, than there are permu- 
tations of these z points of section taken two and two together ; 
that is, there cannot be more than n(n — 1): but as each of 
these secants, if the two points of section can be made to 
coalesce, may become a tangent, and as there can be no other 
tangents, it follows that there cannot be more than n(z—1) 
tangents drawn to a curve of the nth degree through a given 
point. The theorem does not prove that the curve is such as 
to admit of all these tangents, but limits the number that can 
be drawn under the most favourable circumstances. 


96.] From Equation (2) it appears that p is the trigono- 


metrical tangent of the angle made with the axis of x by the 
tangent to the curve. If, therefore, at any point (c=a, y =b), 


a has a finite value, the curve at that point is inclined to the 


axis of « at a finite angle, as in fig. 17.; and if 33 2 be positive, 
which indicates that asa increases y increases a the curve 


must be such as that delineated in fig. 8.; and if = 3 be 


negative, that is, as æ increases, y decreases, or vice versd, the 
curve is such as that in fig. 9. 


dz — O the tangent, and therefore the curve at the point 
of contact, is parallel to the axis of x; and if ou changes its 


sign, there is a maximum or eign ordinate, such as we 


have drawn in figs. 6. and 7.; but if Z Z does not change sign, 


then the form of the curve will be an as in figs. 8. and 9., 
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according as oe is positive or negative. If oy = =j , the 


tangent, and therefore the curve at the point ai contact, is 
perpendicular to the axis of x, and ey as one or other of 


the forms drawn in fig. 16.; viz. if z =; , and changes sign 
from + to —, we have the form ea a; and if the change 
of sign be from — to +, that marked 6: but if wy = and 


does not change sign, but is + throughout, ia the form 
of the curve is that marked y; and, if negative throughout, 
the form is that marked ò. 


The case in which 54 = oe for any particular finite values 
of the ordinate and abscissa, and in which, therefore, (T) =0, 


T) = 0, and which indicates an indefiniteness as to the 


direction of the tangent, we shall discuss hereafter. 


97.] Let As be the distance between the two points in the 
curve through which the secant of Art. 94. passes, that is, the 
length of the chord joining them; then 


A= Az? + Ay’. 


Let the two points approach infinitely near to each other; in 
which case, according to the notation we have adopted, Az, 
Ay, and As will become respectively dx, dy, and ds, and we 
shall have r 

ds? = dæ + dy’; (6) 


and ds becomes the distance between these two points, which 
are infinitely near to each other; that is, it becomes an element 
of the curve, an infinitesimal arc: it is, in fact, the small 
portion of the tangent line which is common to the tangent 
and the curve. Or under another mode of considering the 
curve, that is, of conceiving it to be generated by a point 
moving-according to a given law, ds is the distance between 
two successive positions of the point; and if these two posi- 
tions are taken so near to each other that only an infinitesimal 
L22 
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instant of time has elapsed during the passage from one to the 
other, it is impossible to conceive but that the moving point 
has passed in a straight line from one to the other; the length 
of which straight line is ds. 

If, then, we use the character 7, to symbolise the angle 
made by the tangent with the axis of x, we have, from Equa- 
tion (2), 


ag! 
tan rT = ag? 
and therefore, by means of (6), we have 
$ dF 
dg a Tad dy) 


=t Er 
gee E i 
"TEREF 


98.] To find the Equation to the Normal to a Plane Curve. 


Der. The normal to a plane curve is the straight line per-- 
pendicular to the tangent, which passes through the point of 
contact. 

Let £, n be the current co-ordinates to the normal, and z, y 
the co-ordinates to the point of contact; then, if the ‘equation 
to the curve be explicit, viz. y = f (æ) the equation to the 
normal is 


1-y=—-FE-2): (7) 
and if the equation to the curve be in the implicit form, then 
— hy 


(@) T AFAN F 
(ay dx 
With respect to these equations, it is to be observed that there 
are critical states of them, as of the equations to the tangent, 


‘ : d dE dF 
corresponding to singular values of E , and of (= ) and GA) 
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As we have fully discussed these latter in Art. 96., and as the 
results will be similar in this case, it is unnecessary to repeat 
them. 

From the equations to the tangent and the normal it appears 
that whenever x and y become affected with the symbols + /—, 
m or & will be also; and, therefore, whenever the curve is not in 
_ the plane of reference, the tangent and the normal are not. 


From the above expressions it is plain that the equation to 
a straight line passing through the origin and perpendicular 
to the tangent may be put under either of the forms, 


ndy + Edx = 0, 
-= ain, 
Jyh sone) 


99.] To discuss the Equations to the Tangent and the 
Normal. 


(9) 


The several properties which the expressions marked (2) (4) 
(7) (8) involve might be deduced from the equations them- 
selves; but as the following method addresses itself more 
directly to the senses and to geometrical construction, it is 
thought to be preferable. 


Let AP be the curve which is represented in fig. 17., PT the 
tangent line, PG the normal line; mv is called the subtangent, 
MG the subnormal, PT the tangent, PG the normal. 


Let om = x] and oy = perpendicular from origin on tan- 
MP=y gent = p. 


Let or = & = intercept of axis of x by tangent. 


S I oe a ee RS 


Then, since tan PTM = tan GPM = a and tan TPM = 
d ; 

tan PEM = <, we have the following values from the geometry 
dy 


of the figure. 
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dz 
Subtangent = MT = MP tan MPT = Y dy? 


Subnormal = MGé = MP tan MPG = y 


ds 
Yay’ 


dy ds 
Normal = y sec tan! 52 Sperm me Peed ak 


Tangent = y sec tan~! Wn wra 1 + a5 latices 


&,=OT=MT—ON= ft aa 
"eg =I dy . 


But since it is measured in a negative direction from } (10) 
the origin, its sign must be changed, and we have 


dx 
% Rem May? 
% = OT = MP—PR=yY—2-", 


! dy 
p = OY = OT Sn PTO = (2-95 sin tan~! 


dz 
dy 
ts —Y¥ 
= + — 5 me te 0 St ny). 
/(1+5%, j : 
dx? 


If the equation to the curve be an implicit function, substi- 
tutions must be made for these several values in terms of their 
equivalents. It is unnecessary to write them down, except the 
last, which assumes a very elegant form; for since 


a a 
dx (=) 
a (z) +9 Ga) r 


Go GE: 1G Gay 
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if u = F(x, y) be a homogeneous function of n dimensions. 
Similarly might the values of other lines be found, were they 
required. For examples, see chap. ix. of Mr. Gregory’s Collec- 
tion, and chap. viii. of Mr. Hind’s Series. 


100.] On Asymptotes to Curves. 


Der. A line is said to be an asymptote to a curve, when 
the curve approaches continually nearer and nearer to it, but 
does not meet it within a finite distance. It is manifest from 
the definition, that there are two classes of asymptotes, recti- 
linear and curvilinear, which it will be convenient to discuss 
separately. 


A. Rectilinear Asymptotes. 


If the curve has asymptotes which are either the axes them- 
selves or lines parallel to them at finite distances, they are easily 
determined. If y = 0 renders x infinite, the axis of x is asympto- 
tic to the curve; similarly, if y is infinite when x = 0, the axis 
of y is an asymptote; such we have in the curve whose equa- 


tion is vy = k®, And, again, if y = z when x = a (a being 
some finite quantity), then the line parallel to the axis of y, at a 


distance a, is an asymptote. Similarly, if v = when y = b, 


the line parallel to the axis of z, at a distance b from it, is an 
asymptote. Such lines are drawn in fig. 18., the equation to 
which curve is 


ry —ay—bx=0, 
which may be put under either of the forms, 


ja bx Ju ey 


whence, y = z when z =a = 04A; and z= 1 


0 g When y =b 


= OB. 
Tf, however, a curve has rectilinear asymptotes not parallel to 


the axes of co-ordinates, they are to be determined by one or the 
other of the following methods. 


L 4 
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Since the difference between the ordinate to the asymptote 
and the ordinate to the curve diminishes without limit, as the 
abscissa is infinitely increased, if by any artifice, as the binomial 
theorem or Maclaurin’s Series, we can expand the equation to 
the curve in a series of terms of descending powers of 2, of the 
form 


y = a2 +a +! + È + kos (11) 


then all and every term after the first two diminish without 
limit, as the abscissa is infinitely increased, and the line whose 
equation is 

y= a2 +4 (12) 


is an asymptote to the curve. 


And according as the first term after a,, be it a or b, &c., 
x x 


is positive or negative, so will the ordinate to the curve be 
greater or less than the ordinate to the asymptote, and the curve 
will be above or below the asymptote. 


The Equation (12) is to be constructed in the ordinary way. 


Ex. 


y? = ax? — x3 


BREGT AT, —*) 
ma (1 Sy 


< 

J 

| 

8 
—_ oN 

pd 

| 

RI 
Nr 


=-a(1- 5 Kye ) 
E Brr ox? ES 
eT A a S 
get 3° 9@ i 


.'. the equation to the asymptote is 


a 


oie ee eae 
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which represents a line inclined at 135° to the axis of x, and 
cutting the axis of y at a distance = > from the origin. The next 


term in the series, being affected with a positive sign, shows 
that the ordinate to the curve is greater than the ordinate to 
' the asymptote, and therefore that the curve lies above the 
asymptote. 

If, however, the equation to the curve is such as not without 
difficulty to admit of expansion in the form (11), then, consider- 
ing the asymptote to be the tangent line to the curve, at an 
infinite distance from the origin, the problem resolves itself into 
the construction of this particular tangent ; and since the tangent 


makes with the axis of x an angle = tan SY and its inter- 


cepts on the axes are n, and £,, of which the values are given 
in Equations (10), the determination of any two of these three 


quantities corresponding to x = : and y = i will enable us 


to construct the line. For the infinite values of the co-ordinates 
these quantities will assume indeterminate forms, which must 
be evaluated according to the methods explained in Chap. V., 
and especially Art. 62. Two examples are subjoined ; for others, 
see the Collections of Mr. Gregory and of Mr. Hind. 


Ex. 1. To find the Asymptote to the Curve 
y? + x? — 3azy = 0. 


Therefore, differentiating numerator and denominator succes- 
sively,.as in Art. 62., and bearing in mind that 5 is a definite 


quantity not admitting of differentiation, and therefore to be 
considered constant, 
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dy 
dy _ ae 
dx d 
2y% — a 
— dy? 
aa 
dy* _ dy 
Fed a T and F 


omitting the other two values of a 


= = 1, 


, because they refer to 


branches of the curve out of the plane of reference; therefore 
the asymptote makes an angle of 135° with the axis of z. 


To determine 7, 


1 
4 ‘dy aay 0 1 1 
N=Y¥— 2 Tz EET i when x = 6» and y = 0° 
0 
.. evaluating as before, 4, = — a, 
and the equation to the asymptote is 
Yu t— a. 
Ex. 2. 
ay? — bx? + c*xy = 0. 
1 
dy. ey — 3bx? _ 0 1 1 
i ae Say TERME op and y =>: 
dy 1 
at A T 
i ee Aa 6bx 6 
ie dy 1 
2 Ee eu 
c? + 6ay o 
ti — 6b 
F dy?’ 
6a Tz 
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and evaluating as before, 
Cc 
Dalia TET 
3 eR 


and therefore the equation to the asymptote is 
b\} e 
ye je s sara 


101.] If, having applied one or the other of these methods to 
the determination of asymptotes, we arrive at results affected 
with + ~v —, the lines must be drawn in their own planes, as 
was indicated at the close of Art. 93.; sometimes, however, 
curves have branches out of the plane of reference, which are 
asymptotic to straight lines in the plane, as in the following 
example. These, however, must be determined in one or other 
of the methods which have been just explained. 


Ex. a*(y—rY = a —2", 


/ (a?—2") 


y -e= ti 


When v is infinitely great, the right-hand side of the equation 
vanishes, and we have y = æ, which is the equation to a line 
passing through the origin at 45° to the axis of x, and which is 
asymptotic to two branches of the curve; but, for all values of x 
not within the limits + a, the curve lies out of the plane of 
reference, and, therefore, the asymptote is that to which these 
branches are continually approaching. The form of the curve 
is given in fig. 19., the dotted lines representing the branches 
in a plane perpendicular to the plane of the paper. 
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B. Of Curvilinear Asymptotes. 


102.] Two curves may also be asymptotic to each other; as 
e. g. suppose that the form of the equation to the given curve, 
when expanded in descending powers of 2, is 


b 
y= Ge + ae + do +— + &e. 


Then if we neglect on the right-hand side of the equation all 
terms after the first three, which is equivalent to making x 


= 4 the curve whose equation is 
y= @,0? + a,x + ay, 
which is a parabola, is asymptotic to the given curve. 
Also, if in Equation (11) we take account of the first three 
terms, and multiply through by x, and neglect all the subse- 
quent terms, then we have the equation to a hyperbola, viz. » 


cy =a 2 + ax +b; 


and this curve is asymptotic to the given curve, because the 
difference between the lengths of their ordinates is a quantity 
which diminishes without limit as æ increases without limit. 
And so again, if we take account of the first four terms of (11), 
and neglect all subsequent ones, we shall obtain the equation 
to a curve which is nearer to the given curve than either the 
rectilinear asymptote or the hyperbola; and thus, by a similar 
process, we obtain a series of curves more and more asymptotic 
to the given curve. Thus, also, we often find curves which 
have cubical and semicubical parabolas asymptotic to them: we 
subjoin an example. 


y? =x V(x? —a?), 


3 a i 
ig a 
a ae 4,2, eee l 


I+ 


y = 


Il 
I+ 


Il 
I+ 
Tan 

ae 

| 
| 
S 8. 
x | 

| 
aa, 
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.". the equation to the asymptotic curve is 
ye + 2. 


103.] On Direction of Curvature and Points of Inflexion. 


Having in the preceding articles determined what is the ab- 
solute inclination to the co-ordinate axis of any element of a 
plane curve, we proceed in the present to discuss criteria for the 
convexity or concavity of a curve towards fixed axes or in fixed 
directions; and to facilitate our calculations we shall consider 
to increase by constant increments, i. e. dx to be constant or x 
to be the independent variable. 


dy 
So gi age 
Since then, under this supposition, a re the ratio 


of the increment of tan r to the increment of x, and since rT and 
tan r always increase and decrease simultaneously (see Art. 89.), 


. . da . . . . . 
it follows that, if 2- is positive, T and x are increasing or de- 
dx 


creasing simultaneously, and if 


d*y . A . 
qa? 8 negative, as x increases T 
decreases, and vice versd: but from the geometry it is plain that, 
if x and r are increasing together, the form of the curve must 
be such as that in fig. 20., which is convex downwards; and if 


as x increases T decreases, the form is that in fig. 21., which is 


concaye downwards; and therefore, if T5 is positive, the curve 


2 
is convex downwards, and if oe is negative, it is concave 
downwards. If, therefore, at any point, say « = a, y = b, so 


changes its sign, which it can do only by passing through 0 or 
a , the direction of the curvature changes; and there is what is 


called a point of inflexion, that is, the curve having been convex 
downwards becomes concave downwards, or vice versd. Such 
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points are delineated in fig. 22. Hence we have the following 
rules to determine a curve’s direction. 


If a be positive, the curve is convex downwards. 
. 
If a be negative, . . . concave 


2 
And, to determine points of inflexion, equate oe to 0 and to 


5 if the values of x, which satisfy either of these conditions, 


also make ey. to change its sign, then there is a point of in- 


flexion. 
This is also evident from the following considerations. 


104.] Let y = f(x) be the equation to a curve, and suppose 
that we not only consider the curve at the point (x, y), but also 


atanother point(a+h,y+); then, by Taylor’s Series, writing pu 


2 
for f’(2), of for f’(x), &c., all these differential coefficients 


being finite, and since y + k = f(« + h), we have 
d Py o dy W 
yth=yt Tat t Gapat aera t & (18) 
And if a tangent be drawn to the curve at the point x, y, its 
equation is 


and, therefore, its ordinate, when £ becomes x+ h, is given by 
the equation 


d 
=y + eh. (14) 


Subtracting, then, (14) from (13), by which means we shall get 
the difference between the ordinates to the curve and to the 
tangent corresponding to the abscissa «+h, we have 

_@y he ay te 


yt+h-1= Te i.a ato t 3s (8) 
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and taking very small, which is equivalent to considering only 
the point in the curve which is next to (x+ dz, y+ dy), we have, 
neglecting all terms after the first, 

l dy h 

yh = aiT 


And, therefore, if oe be positive, the ordinate to the curve is 


greater than the ordinate to the tangent, and, therefore, the 
curve lies above the tangent, whatever be the sign of h, that is, 


the curve is convex downwards, as in fig. 20.; but if a be nega- 


tive, contrary results follow, and the curve is concave down- 
wards, as in fig. 21. 

If, therefore, at any point the curve passes through the 
tangent so as to be above it on one side of the point of contact 
and section, but below it on the other, then y + k — y must 
change sign as A changes sign; which can only be the case when 
d dy: 5 ' ba 
T2 = 0 and 73 is a finite quantity, or, in general, when the 
term in the expansion (15), which gives sign to the whole, is 
one involving an odd power of h, in which case the curve will 
pass from below the tangent to above it, or vice vers, in one or 
other of the manners indicated in fig. 22. It is plain that, at a 
dy 
da’ 
maximum or minimum value. 

In the diagrams we have drawn to illustrate the general 
theory explained above, we have considered tan r to be some 

eee 


: ‘ : Re ee 
finite quantity, but if 7 be 0 or 90°, i.e. if z = Oor T and de 


1 ch E 
= 0 or o and change its sign, then the curves are such as those 


point of inflexion, and therefore the angle +, attains to a 


in figs. 8. and 9., and in y and @ of fig. 16. 

The curvature of a curve towards the right or the left may be 
determined in a similar manner by discussing the values and 
signs of poa 
A aii 
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Ex. To determine the Direction of Curvature, and the 
Points of Inflexion of the Curve 


y = x + cos zr. 


dy- 


da 1 — sin z, 
oy = — COS T. 


Ta is negative, and the curve is concave downwards for 


all values of x between — Z and + |, A and AR Uh and 
2 2 2 2 
4n—1 
A ; that is, in general, for all yalasa of x between G2= D" 


Mars, and z is positive, and the curve is convex 


downwards, for all values of x between s and z: > 2t and is ; 


in general, between ene and Aa tae and whenever 


T 3r 
x =- or 


1 d 
2 Qatl 3 = 0, and 


5a 2n 
z or PE or, in general, ( J 


changes sign, and there are points of inflexion. 


If the equation to the curve be given in the implicit form, 
u = F(x,y) = c, considering, as we have in this article, x to be 
a variable of equal augments dz, so that.d?x = 0, the second 
differential of F(x,y) = c is, as was shown in Art. 39. 


(Fa) de +2 (Fe Joa) ty + (Ge ot) ay + (& 5) tY= 0. 


Whence, dividing by (dz)*, we have the following expression to 


a onde 
determine a ? 


= 0; 


er ËF \ dy ËF\ dy? dp) @y 
dx? dudy/ dx dy?) dx dy) da? 
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~ and substituting for its equivalent, viz. 


we have 


Og OE 


As long, then, as this quantity is positive, the curve is convex 
downwards; and, if it be negative, the curve is concave down- 
wards; and if, therefore, at any point on the curve, 


as) (a) ~* a a a Ge) =° 


and changes sign, and at the same time es does not = 0, 


then there is a point of inflexion. 


Similarly might we find © ra and determine whether a curve 


is convex or concave ale Te right or the left. 


105.] Before we proceed to the discussion of points through 
which two or more branches of a curve pass, it will be worth 
while to examine the diagram marked 23., which is intended 
to be an infinitely magnified drawing of a curve of the kind we 
have been considering as being generated by a point moving 
subject to some continuous law; we have placed the curve as in 
the figure, in order that a: may be affected with a positive 


2 
sign. 
Let y = f(x) be the equation to the curve, oh = 7 » and, 
for simplicity’s sake, let us consider the successive augments of x 


to be constant, viz. KL = LM = MN =...... = dz, so that, in 
M 
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accordance with what has been said in Art. 34., ?z = Ët = ... 
... = 0; and let P, Q, R, S be points on the curve corresponding 
to the successively increased values of x: and, conceiving the 
successive elements to be infinitely magnified, PQ, QR, RS are 
such quantities as we have in Art. 97. symbolised by ds. In 
the same manner, then, as in Art. 34. 


S@) =y = KP, 
S(et+dz) = y+dy = LQ, 
S(a+2dx) = y+2dy+d’y = MR, 
S(e+3dz) =y+3dy+3@?y+dy = NS, 
and so on; whence by subtraction we have 
dy = LQ —KP= QU =XV=TW,; 
and MR = MZ + RZ: but MZ = MV + 2VX = y + 2dy; 
substituting for MR from above, we have | 
y + 2dy + Ëy =y + 2dy + RZ 
d'y = BZ 
As we have not deduced any geometrical properties from d°y, 
it is unnecessary to do more than to show what line is repre- 
sented by it; 
From above we have NS =y + 3dy + 3d?y + dy: 
bat NW=y, WG@=3dy, GE=2d’y, 
SE = y + Ëy 
=RZ+ dy; 
dy = SE — RZ. 


Hence it is manifest that dy poe ae tan QPU = tan PJO 
dx PU 


= trigonometrical tangent of the angle made with axis of x by 


tangent to curve ; and, therefore, if at any point on a curve 2 


= 0, as we pass from one point to the next consecutive point, 
y does not increase; and, therefore, the element of the curve 
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PQ is along the line PU, and is parallel to the axis of x. Simi- 


ag A the element PQ is. perpendicular to 


larly, whenever 725 


PU. 


And since d?y = RZ, it is plain that d'y represents the de- 
flexion of the curve from the tangent line: and, therefore, if 
d?y = 0, three consecutive points are in the same straight line, 
and the curve has for those three points become straight; and if 
dy be positive, the line RZ is to be measured up from the tan- 
gent, and the curve lies above the tangent; but, if d'y be nega- 
tive, it must be measured downwards, and the curve lies below 
the tangent; if, therefore, dy is.positive on both sides of the 
point P, the curve is convex downwards, and is such as is drawn 
in fig. 20., and if d*y is negative on both sides of the point (z, y), 
then the curve is concave downwards as in fig. 21.; and if dy 


changes its sign at the point, by passing through 0 or k , the 


curve is above the tangent on one side of the point, and below 
it on the other, and, therefore, there is a point of inflexion. 

Hence, then, we learn the geometrical meaning of the process 
of differentiation; it implies a passage from one point of a curve 
to the next consecutive point, and, as often as we differentiate, 
we pass to successive points, and we obtain expressions which 
represent deflexions from straight lines, and so on. 

Thus, by means of one differentiation, we consider the curve 
with respect to two points on it, by two differentiations we 
consider the curve at three points, and so on. More will be 
said hereafter on the properties of curves under this mode of 
considering them. Let the reader who is acquainted with the 
analytical expressions of velocity and accelerating force inter- 
pret them by means of the diagram 23. 


106.] Thus far, then, we have considered what geometrical 
properties belong to the first and second differential coefficients, 
when they have determinate values ; but suppose at any point ina 


i DET | 
curve, say (x = a, y = b), which we shall call a critical point, a 
assumes the indeterminate form a a question arises, what 


M 2 
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geometrical meaning belongs to it. This we proceed to explain ; 
and we shall find it more convenient to use the implicit form of 
the equation to the curve, viz. 


a Fay) = 6 (16) 


whence, by differentiation, 


a E) de + (a) d: 


da 

dy _ dx 

dx GE 
dy 


If, then, at the point under consideration, X = > it is neces- 
=) bg sts Las : 

sary that Ge = 0 and (ay = 0; then, evaluating the.ex 

pression above in accordance with the principles laid down in 


Art. 62., by differentiating the numerator and denominator, we 
have 


dy _ Ge) adt (Er) dy 
an”. d'F 


Ga yt (say) dx 


te TR) + (dzz) 2. dx 17 
EE) dy ËF N` Cu. 
dy?) dx dud i) 
And suppose, first, that this quantity does not become at the 
critical point in question, that is, that all the second partial 
differential coefficients do not vanish, then, multiplying and 
reducing, we have 


deny dy d'E \ dy d*p 
apt) aa t? dedy) det (Ge) =% G8) 


a quadratic in giving, therefore, two values for A thereby 
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- showing that two branches of the curve pass through the point, 
which is called a double point, admitting of several varieties, 
according as the roots of (18) are real and unequal, real and 
equal, or impossible, and according as the curve extends in the 
plane of reference or not on both sides of the point in question. 
Now the roots of (18) are 


real and unequal aA : 
real and equal ¢ according as Ta) (5 z Ti = E Zi 
impossible j > j \dady) 


Let us first consider the case of the two roots being real 
and unequal, and we have 


dy _ - (E7) + af f (42) ) (Ga) ( (5) } 
dx d’ E 
dy? 


If the curve extends in the plane of reference on both sides 
of the point in question, as P, in fig. 24., then the point is 
called a real double point; but if the curve is in the plane of 
reference on one side of the point, but is in another plane on 
the other side, as is indicated in fig. 25., where the dotted lines 
show the course of the curve out of the plane of reference, then 
such a point is called a point saillant ; and if the curve is out of 
the plane of reference on both sides of the point in question, but 
pierces the plane at the point, then we have what is called a 
conjugate point, which, however, corresponds to the case of 
two roots of Equation (18), being impossible. 

Secondly, if two roots be real and equal, we have 


d2 

AP Sa) 
fT e ES dFN\’ 
a 


and there are two branches passing through the point and 
having the same tangent. 

If these branches are in the plane of reference on both sides 
of the point, the curve is such as one or the other of those 
delineated in fig. 26., and such are called points of osculation 
and of embrassement ; and if they arein the plane of reference 

m 3 
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on one side of the point, and on the other side pass out of it, 
then the curve at the point is such as one or other of those 
drawn in fig. 27., where the dotted lines indicate the course of 
the curve out of the plane of the paper, and the points are 
called cusps, or points de rebroussement, fig. a of the first 
species, fig. 8 of the second species. Varieties of cusps are 
delineated in fig. 28. 

Thirdly, if two roots of (17) are impossible, both branches of 
the curve are out of the plane of reference on both sides of the 
point in question, but pierce it at the point; then there is a 
conjugate point, of which there are varieties according as both 
branches have the same or different tangent lines. 

These several subordinate varieties of double points must be 
distinguished by examining the form and nature of the equation 


to the curve, and of oy and 2 TA when s= at M y=od+h, 


hand kh hake taken very small: as e.g. in fig. 27., if whee 


2 
z=a+th, z is positive for one and negative for the other 


branch of the curve, and when x = a — A, z is affected with 


/—, we have fig. «; but fig. 6, if os i is positive -for both 


branches of the curve, and the curve is out of the plane of the 
paper when z is less than a. 


Subjoined are a few examples illustrative of the processes of ~ 
which we have here given a sketch, and in which = is evaluated 
according to the method in Art. 62. 


Ex. 1. To determine the Nature of the Point at the Origin 
of the Curve whose Equation is (2? + y? = a? (a? — y’). 


y _ ar rP +y 
dz ay EIME FJ) 


— &e. 
a? = + &e, 


>, when «= 0 and y = 0. 


= gp when x = 0 and y = 0. 


dx 
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dy _ dy _ 
dx = and da = + 1. 


two branches of the curve pass through the origin, cutting 
the axis of x at angles respectively of 45° and 135° (see fig. 29.); 
and there is a real double point. 


Ex. 2. Discuss the Nature of the Point, y = b, x = a, of the 
Curve whose Equation is (y — 5)? = (« — a)’. 


dy 3(4#—ay_ 0 *,? . 
la ea a at the critical point, 
ee Os 8) ss GF Ge the critical point. 
dy 
9 i 2 , 
dx 
dy? dy 
“7, = 3 (z — a), and 5% = + V(x—a), 


which is affected with ~ — when z is <a, but + or — for all 
values of « >a, and = 0 when x=a;_ .*. we have a cusp, 
the tangent to the branches of which is parallel to the axis 
of x. 


Py 3 
Also se ea (rae which is therefore positive for one 


branch and negative for the other; .*. the cusp is of the first 
species, such as is delineated in fig. 30. 


Ex. 3. (y— 2%)” = + (z — DÈ, required to determine the 
Nature of the Point, z = 1, y = 1. 


dy _ ee ee 
dz- 4 (y — x?) 


0 Diet the critical point, 


15 z d 
_ by @— +8 L) + 8a (72—22) 


ay 
AC ae 
at the critical point A = 2; and when 7v is less than 1 


= is affected with /—, but is real when zis > 1; and the 


mM 4 
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form of the last equation shows that the critical point is a double 
point, which is .*. a fom 


2 
Also, since dy 2 + = Be — 1)", at the critical point 


d x? 
da : ; Pxyx y rae 
7a = 2; and if x be a little > than 1, 74 is still positive ; 


-, the cusp is of the second species, with both branches convex 
downwards, and touches a line which is inclined to the axis of x 
at tan—! 2. (See fig. 31.) 


For other examples on this and the following articles, see 
chap. x. of Mr. Gregory’s Collection, and chapters x. and xi. of 
Mr. Hind’s Series. 


107.] Suppose, however, that at the critical point under dis- 


cussion 
LF 
Ta) raha tet) = ° F wigs 


then the value of z? given by the expression (17) again 


assumes the form 3 and the numerator and denominator of 
it must be differentiated again; in which operation, however, it 
7 C d ' ; 

is to be borne in mind that a does not vary with x and y near 


to the critical point, and is therefore to be considered constant ; 
the true meaning and effect of their successive differentiations 
being as follows. Several branches of the curve have certain 
consecutive points in common, and certain elements in common ; 
whilst, therefore, we are considering the curve, as to its dura- 
tion at one or more of these common points, it is indeterminate 
for which branch of the curve we are considering it; and there- 
fore we must pass on from these common points to those con- 
tiguous ones which are on different branches of the curve, and then 
the tangent lines drawn through these become separate for each 
branch, and the direction of each thereby becomes determined. 
Let the reader try to draw for himself an infinitely magnified 
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diagram of such points and curves in the same manner as we 
have drawn fig. 23. 

Differentiating, therefore, the numerator and denominator of 
the right-hand member of Equation (17), and dividing through 
by da, 


a4) d? F dy . dT dy? 
dy dx da? dy/ dx dx dyi dzat 
en a $ (19) 
dx a] dy? d'F \ dy aa 

dy) daž dady’/ dx dx? dy 


whence, multiplying and reducing, 
Br dy? aE ) dy? dF \ dy  (@r\ _ 
ee at Goad dy ) e+ Ga) =o (20) 


a cubic in A and therefore with three roots, showing that 


three branches of the curve pass through the critical point, 
which is called a triple point; the three branches being all in the 
plane of reference, or one in and two out of the plane, according 
as the roots of (20) are all real, or one real and two impossible. 


ae t lay 


As the criteria of this division lead to a long and complicated 
expression, it is needless to investigate it here; and, moreover, 


as the determination of the several values of oy corresponding 


to the several branches of the curve is not difficult, we shall 
only add an example. 


Similarly, again, if the several third partial differential coef- _ 
ficients vanish at the point under discussion, we must differen- 
tiate again the numerator and denominator of the right-hand 
member of (19); by which means we shall obtain a biquadratic 


laan w eal 
in oe indicating that four branches of the curve pass through 
the point, which is therefore called a quadruple point. 


Ex. 1. To determine the Nature of the Point at the Origin 
of the Curve whose Equation is 


T ayx? + by? = 0. 
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dy  42°—2azy 


0 Ri 
Fh “ae—3by? =o at origin, 


122°—2axz So) 2ay 


Pe dx a5 0 
2ar—6by SL 3 
hy the tage -4a i Š 
F 20-65 2h 2a EPP. A PT 
6a SL — 6b ia ra 


whence a == 0, and SY = + a ($ ). 


The curve is such as we have drawn in fig. 32. 


108.] Such, then, is the general theory of multiple points; 
of which the analytical notes are, the vanishing of successive 
partial differential coefficients of the implicit equation to the 
curve. That such must vanish, owing to the circumstances of 
several branches passing through the same point, may thus be 
shown a priori. 

If a curve be such that, when æ% = a + h, y has many values, 
or, to borrow language from the theory of equations, the ~ 
equation formed in powers of y has several unequal roots, but 
when « = a several of these values of y become equal, say 
y = b, then in this case as many roots which before were 
unequal must become equal, as there are branches passing 
through the point; and thus there will be several equal factors 
multiplied together, which will produce a factor of the form 
(y—b). By a similar train of reasoning we may prove that 
at such a point several factors which at other points are un- 
equal become equal, and we shall have a factor of the form 
(«—a)”", m and n being some numerical quantities at least 
greater than 1; and, since the differentiation diminishes the expo- 


nent of such a quantity only by unity, it is plain that (=) 
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will, at the point in question, have a factor of the form 
(«—a)”—', and therefore will = 0. Similarly E ) will have a 


factor of the form (y—bY—', and will = 0 also: and according 
to the numerical magnitudes of m and z will be the number of 
branches passing through the point, and the number of succes- 
sive partial differential coefficients which = 0, for the values 
a=a@,y =. 


109.] We proceed now to-analyse the equation to a curve, 
and to trace the figure which the analytical expression repre- 
sents, as far as the results of common algebraical geometry, and 
what has been said in the preceding articles, enable us to do. 
All curves we cannot trace; the problem is as general as the 
resolution of equations of all degrees; and, therefore, what will 
be said is to be considered only an explanation of the slight 
means we possess of discussing some few simple curves. 


1) If the equation admits of being simplified by a change 
of origin, or by a transformation from rectangular to polar co- 
ordinates, let this be effected before we begin to analyse it; 
as e. g. the equation 2*—2ax+y’?+ 2bx= 0 admits of being 
discussed with greater facility when for x we write x+a, and 
for y, y—b; and the result is 2?+y?=a?+l*. So, again, as 
to the Spiral of Archimedes, the curve is more easily traced 
when the equation is under the form of r = að than when it is 


in the form /(2?+y?)=a tan~! = . 

So, again, if the equation to the curve be of the form y= 
J(«)+¢(2), in which case the curve y = f(x) is diametral to 
the curve to be traced, the most convenient method is to trace 


separately y=f(x) and y=¢(x), and then to add and subtract 
the ordinate of the latter curve from that of the former. 


2) Let the equation to the curve, if possible, be put under 
the explicit form y = f(x); determine all the points where the 
curve meets the co-ordinate axis, by finding the several values 
of x which render y = 0, and the several values of y which 
render x=0; and by examining the change or continuation of 
sign determine whether the curve passes from above to below, 
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or vice versd, the axis of x, or from the right to the left, or 
vice versd, of the axis of y, or whether it touches the axes ; and, 


if it cuts the axis, determine by the value of = at the point at 


what angle it cuts. Again, if for all values of x from -3 to + 5 


y is unaffected with + /—, the curve extends infinitely in 
both directions in the plane of the paper; but if c<=a, y=b be 
a point such that for values of z=a+h, y is affected with 
+/—, but for z=a—h, y is not so affected, then at that 
point the curve leaves the plane of the paper, and the point is 
called a point d'arrêt, or point de rupture, such as is at the origin 
of the curve whose equation is y=2? log, x, which is drawn in 
fig. 33., and such as in the line which is represented by the two 
equations - 

y ='0, 

x = acos, 


when v is not within the limits + a and — a. Such points, 
however, seem to arise from our deficient knowledge of the 
properties of logarithms of negative quantities. And if two 
branches pass into another plane, then the point at which they 
do so is a cusp, or point saillant, such as are figured in diagrams 
25, 27, 28. The distinctive characters of these points, of 


course, depend on the value or values of oy at the points. And 


lastly, if the equation to the curve is satisfied by r=a, y=, 
but when x is increased or decreased by a quantity however 
small y is affected with ”—, then at such a point the curve 
which lies in some other plane pierces the plane of reference ; 
such a point is called a conjugate or isolated point; and, of 
course, one or two or more branches of a curve may pass through 
such a point: as, for instance, if the equation to a line be 


y — b= (—)* (e-a), 


the equation is satisfied by =a, y=b, which indicates a point 
in the plane of reference; but every other point of the line is 
in the plane passing through the line BD (see fig. 34., oA =a, 
AB=b), and perpendicular to the plane of the paper. 
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When two branches of the curve simultaneously pierce the 
plane of the paper, the two roots of (18) Art. 106. are impos- 
sible, as is the case in Example 1., which is traced below in 
Art. 110. And a curve may have an infinite number of such 
conjugate points, the curve continually passing from above to 
below, and vice versd, through the plane of the paper, such as in 
the subjoined example: 


y = az? + (bz) sing. 


The curve is traced in fig. 35., the dotted line indicating the 
branches in a plane perpendicular to the plane of the paper. 
y=az, which represents the diametral curve, is a parabola, 
drawn as in the fig. ; and the ordinate to the curve is periodi- 
cally reduced to its ordinate when x = 0, or = 7, or = 27, o. 
or = any multiple of m; but when z is negative, the part of 
the ordinate to be added or subtracted to the ordinate of the 


parabola is affected with (—)!, except at the points where x = 
some multiple of 7, at which the branches of the curve pierce 
the plane of reference: and thus it continues ad infinitum, the 
curve itself being continuous, but there being a series of dis- 
continuous points, if we consider only those points which the 
plane of the paper contains. 

3) On the method of determining the relative increase and 
decrease of z and y nothing more need be said; but we must 


be careful to investigate the points at which e = 0 and = 
and to observe whether or not there is a change of sign, as it is 
the criterion of maxima and minima. With this object we shall 


d 1 ; 
equate a to 0 and 0° and examine the course the curve takes 


at these critical points. 


4) In regard to asymptotes, and the course of the curve 
with respect to them, we must examine for what finite values 
of x y is infinite, and for what values of y z is infinite, as such 
will be asymptotes parallel to the axes of y and x respectively ; 


e . . d . 
and by investigating whether = changes sign or not for these 


asymptotic values we shall determine whether the infinite ordi- 
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nate is a Maximum or minimum; that is, whether it returns, 
or whether it continues round the circle of infinite radius, 
such as we described in the last chapter, and which of the 
forms delineated in figs. 10, 11, 12, 18, the curve takes. We 
must also be careful to determine whether there are rectilineal 
asymptotes inclined at oblique angles to the axes of co-ordi- 
nates, and whether the curve be above them or below them. 
It may happen that two distinct branches of a curve will ap- 
proach the same asymptote; sometimes, also, a curve will cut 

sin 


its asymptote; as e. g. if y = ` “, the axis of z is an 


asymptote, and the curve cuts it whenever x = a multiple of 7. 

5) The general character of a curve, with regard to the 
curvature of it in a particular direction, and its points of 
inflexion, has been sufficiently discussed above in Arts. 103. 


2 
and 104. Should, however, te = 0, and not change sign at 


any point in the curve, we may conclude that more than two 
elements of the curve are in one and the same straight line. 
(See Art. 105.) 

6) There is nothing more to be added on the theory of 
multiple points and their varieties. 

7) As a general rule, however, it is of little use to examine 
the values of x and y, except in such critical states as we have 
above described. 


110.] In the discussion of any equation representing a plane 
curve, the method indicated by the following rules will be found 
the most convenient one to adopt. 


I. Reduce the equation, if possible, to the explicit form, and 
simplify it, as far as may be, by means of a change of origin, or — 
by a transformation into polar co-ordinates. 


II. Discover, arrange, and tabulate with their proper signs, 
all the critical values of y and z, both in and out of the plane of 
reference. 


III. Discuss and tabulate the critical values of oe? as € g. 


determine at what angles the curve cuts the axis, Ss maximum 
and minimum ordinates, &c. 
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IV. Find the equations to the asymptotes, and determine 
whether the curve is above or below them. 


V. Find (if it be possible in a convenient form) bi thence 
determine the direction of curvature, and points of inflexion. 
VI. If at any point A = : A evaluate the quantity, and 
determine the several double, triple points, &c. 
Ex. 1. Discuss the Curve whose Equation is 
yaer — a?) = 2'. 


g? 


Y= tera 


Since the given equation is not changed when we write — z 
and — y for + x and + y, it appears that the curve is situated 
symmetrically in the four quadrants. Differentiating, we have 


d E oea Slalans 
t= 4 Ae also = = cae a? 


d? 2 2 2 
ki gA (x? + ah 
(x? — a7)’. 
To find the equations to the asymptote 


E PrN ea (1-5) 


Erre 
=+2/[ aaa Tse 


a? 
=k (z + os + are 
-*. the equations to the asymptotes are y = + x; and as the 


e . a? - *,¢e . 
sign of next term, viz. gz 18 positive, the curve lies above 


the asymptote. 
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When v = 0 andy = 0, oy = o; .'. evaluating the second 
value of z we have 
6x? — y? — 2xry 
_ aan ree 
2 pe — gq2_7 
(x? — a?) + 2xy a? Tz 


ay 0 nd Y= (S): 
(GE) = — amd et - (a): 
indicating that two branches of the curve touch the axis of x at 
the origin, since r = 0, but that both are out of the plane of 


the paper. 


It appears, also, that the curve is in a plane perpendicular to 
the plane of the paper, for all values of x between + a and — a. 


Hence we tabulate as follows: 


dy Ëy 
z y He da? 
Í; 0 ENV = EMEEN O EA 
2 TU Eeo aa: e a T 
0 0 \ 
1 1 
3 +a nP es r Te ae oe Am 
4.| + /2.a +2a +,0, + = 
Oey ee +24 +, 0, + T 
i 1 2a 


From 1. it appears that the curve passes through the origin 
in two branches, which are out of the plane of reference, and 
touch the axis of x; whence, as 2. and 3. show, the curve is 
receding further from the axis of z, and when «= + a and 


t= —a@ yo t 3 and we have two asymptotes parallel to 
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the axis of y. For values of x outside of these lines, the curve 
is in the plane of reference, and returns towards the axis of 2, 
and reaches minimum and maximum values when x = a/2, 
as is shown by (4) and (5), whence it recedes again towards the 
asymptotes whose equations are y = + 2, and intersects them 


at 5 in a point of inflexion, as shown by (6), the curve lying 


above the asymptote in the first quadrant, and being symmetri- © 
cally situated in the others. Its course is traced.in fig. 36., 
where 0A = a, OB = W2.a, OC = 2a, and where the dotted 
line represents the curve out of the plane of reference. 


If the equation to be discussed had been 
y2(a? — 22) = 24, 


the branches of the curve which are in the plane of reference 
would have been out of it, and vice versd. The continuity of 
curve is remarkable in both cases. 


Ex. 2. Discuss the Curve whose Equation is 


y* = 2ax? — 23, 


yo x (2a — ry} 


dy 4a — 32x dy _ 4ax — 3x? 
de = oe erie & also dv = mo 5) ’ 
t 82°(2a — x) I 
d'y _ 8a? 
dx? ‘ia 


~ 92h(2 a.— 2) 


To find the equation to the iis ie 


ya = 2 ease 
z£ 
~ 3 
y=- (1-* > 
Tee e T 2a 4a? > )s 
aa Be garp: J? 
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the equation to the asymptote is 
2a 
youo@rt 3° 


and, as the sign of the next term is positive, the curve lies above 
the asymptote. 


dy dy 
dy _ 2a ee Nie 
T AE = £ g When e = = 0. 


Therefore there are at the Aa two branches touching the 
axis of y, and the form EE Fa I shows that if y is negative - 


Z is affected with + v —, therefore the origin is a cusp of 


the first species. 


Hence, to tabulate the critical values: 


Le ae ae a 
LTO EE z= th Si 
eA ewe | 40, a= — 5+ 
3 za + +, 0, — pes 
het = = at rae ee 
i |e ti a aU E: 
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Hence it appears from (1) that the curve passes through the 
origin, which is a cusp of the first species, the two branches of 
which touch the axis of y, and are above the axis of x, both 
branches being concave downwards ; and the curve, having been 
above the axis of x, from z = 0 to x = 2a, at this last point 
cuts the axis of x at right angles, and changes its curvature. 
from having been concave downwards, to being convex down- 
wards. (3) Shows that the curve has attained to a maximum 


ordinate when « = m ; the curve approaches to the asymptote 


whose equation is y = — « + n which, as is shown by (4) 


and (5), it cuts and touches at ʻ where is a point of inflexion, 


and thus the two asymptotic branches unite. We have traced 
the curve only in the plane of reference, as we have not 
discussed the geometrical meaning of the cube roots of +. 


4 
For the course of the curve, see fig. 37., OA = 2A, OB = > 
2a 
oc — cis 
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CHAP. X. 


ON PROPERTIES OF PLANE CURVES AS DEFINED BY 
EQUATIONS REFERRED TO POLAR CO-ORDINATES. 


111.] In this chapter our object is to investigate, for curves 
referred to polar co-ordinates, formule somewhat analogous to 
those which have been discussed in the last for curves referred 
to rectangular co-ordinates; but, before doing so, it is neces- 
sary to say a few words on the method of interpreting polar 
equations. 


Let r=f (0) be the equation to the curve. Then, taking a fixed 
point s as origin, which is called the pole, and a fixed line sx 
passing through it as the line of origination, which is called the 
prime radius (see fig. 38.), it is manifest that the moveable 
radius, which is symbolised by r, may revolve about s in two 
directions: and thus, if the only datum be that 7 makes an 
angle ô with the prime radius, it is undetermined whether r is 
above or below sx; that is, whether r revolves up from sx 
from right to left, or down from left to right. Hence arises 
the necessity of some symbol of the direction in which r 
turns, so that angles formed in one direction may be differently 
symbolised to those formed in another. This indefiniteness 
will be avoided if we call angles positive when measured up 
from sx, as in fig. 38., that is, when the radius vector revolves 
round s in the direction indicated by the curved arrow; and 
negative when they are measured down from sx, and the 
radius vector revolves in the direction indicated by the curved 
arrow in fig. 39. In this case, then, + and —, as affecting 
angles, indicate the two different directions in which r can 
revolve in the plane of the paper. But suppose, for any given 
value of 6, r is affected with a negative sign, in what direction 
is r to be measured? If 7 be affected with a positive sign, the 
length of it, determined by the equation to the curve, is to be 
measured along the revolving radius, which is inclined at the 
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given angle to the prime radius; as e. g. if a polar equation 
between r and ô is such that, when 0 = T r=a, then a length 
=a is to be measured from the pole along the revolving radius, 
which is inclined at 45° to the prime radius. From analogy, 
therefore, to what has been said in Art. 91. on the signs + and 
—, —r must be measured along the radius vector produced 


backwards; i. e. if, when 6= P r= —a, a line equal to a ` 


must be measured from the pole along the revolving radius 
produced backwards, that is, in a direction making an angle of 
135° with the prime radius. In order the better to avoid 
confusion on this subject, conceive the revolving radius to be 
an arrow of variable length, such as we have drawn in figs. 38. 
and 39., the pole being a fixed point in it; then, if 9 be the 
angle between the prime radius and the part of the arrow 
towards the barbed end, lines measured from s in the direction 
sp will be positive, and in the direction sQ negative. If, 
therefore, 7 is affected with a positive sign, it is to be mea- 
sured towards the barbed end, but if with a negative sign 
towards the feathered end, of the arrow. In figs. 38. and 39. 
different positions of the arrow are drawn, to indicate different 
positive and negative directions of r. 

In the following discussion we shall omit those particular 
values of r which are affected with + /—, and consider only 
those affected with +; being careful, however, to make r revolve 
in both the positive and negative directions, otherwise the 
curve will appear to be discontinuous at certain points. As an 
example, let us take the Spiral of Archimedes, the equation to 
which isr=a4. It is plain that as ô increases in the positive 
direction r is positive, and increasing also in the same pro- 
portion; also when 6=0, r=0; also, if 6 be negative, r is 
negative, and is to be measured backwards. The curve is 
drawn in fig. 40., the dotted line being the branch of the curve. 
corresponding to ô measured in the negative direction. 


112.] Determination of certain Geometrical Lines in Curves 
referred to Polar Co-ordinates. 


Let r= f (0) be the équation, and suppose that the curve it 
represents is such as that drawn in fig. 41., which the reader is 
N3 
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recommended to examine well; for the values of the several 
lines which we require will be deduced from the geometry, as 
were those in Art. 99. 


Let s be the pole, sx prime radius, APQ the curve, PSX = 4, 
sp=7. Let xsp be increased by a small angle QSP = d9, 
then sQ=f(§+d4)=r+dr. From centre s and with radius 
sP =r describe the small circular arc PR, subtending dô. 


PR = rdo; (1) 
RQ =dr; (2) 


and for the value of PQ, which is equal to the element of the 
are of the curve, we have 


PO = ds = V(dr?+r° dé). (3) 


Through the two points P Q on the curve, which are infinitely 
near to each other, draw the line QPT, which is the tangent to 
the curve at the point P; and through P draw the normal PG, 
and through s draw TSG perpendicular to the radius vector SP, 
and sy perpendicular to the tangent pT. The lengths PT and 
PG are respectively called the polar tangent and polar normal; 
Sq is called the polar subnormal; sr the polar subtangent ; and 
sy, the perpendicular from the pole on the tangent, is symbolised 
by p. These lines we proceed to determine. 


p R 
Since tan PQR = aa we have, from (1) and (2), \ 


tan PQR = iad . 
dr 
And since SPT =SQT + PSQ =PQR + d9; therefore spT and 
PQR being in general finite angles, and dô being an infinite- 
simal angle and diminishing without limit, we may, in accord- 
ance with the principle and laws of Art. 8., neglect dô in the 
above equation, and write 


SPT = PQR, in the limit; 


and sPT is the angle contained between the curve and the 
radius vector ; 
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rdé 
tan ser = te? 


(4) 


à rdo EEREN a 
sin SPT = -g> cos ro 


r2-d6 


st= Polar subtangent = sp tan SPT = a7? 


8sG= Polar subnormal = sp tansPG=SPcot SPT = 


PT= Polar tangent = SP sec SPT = 
PG= Polar normal = sP cosec SPT = i S 

; rdé rd | 
i A Gite: MMA heal 4 
Py=8P cos BPy = ae J (r?—p?), | 


Similarly may the values of other lines be ik if they 
are required. 


The value of p may be put under another form which is often 


very convenient. Let u = : the reciprocal of the radius 


vector. 


d 
du = — SF ; 
1 dr? + r2.d6? 1 Lodrat 
and TOO T mr a E aL 
substituting, in terms of w, | 
1 du? 
p =W T de (6) 


The value of p in (5) might also have been deduced, as fol- 
lows, from the expression for p in Equation (10) Art. 99. viz. 
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for since x= r cosl, y = rsin§, 
dzx=drcost—rsinéd, dy =drsini+rcosé dé; 
ady—ydx = rdh; 


; E rady 
“. P= 


For examples in which the foregoing expressions are applied, 
see Mr. Gregory’s Collection, chapter ix. section 2., and Mr. 
Hind’s Series, chapter ix. 


113.] Asymptotes to Polar Curves. 


Curves referred to polar co-ordinates of course admit of 
rectilinear and curvilinear asymptotes in the same manner as 
curves referred to rectangular co-ordinates. Curvilinear asym- 
ptotes, however, are of little service in determining the course 
or the peculiarities of a curve, and therefore we shall say nothing 
of them in general: but there is one remarkable species, viz. 
the asymptotic circle, which we shall explain at greater length. 


A. Rectilinear Asymptotes. 


As the rectilinear asymptote is a tangent to a curve at an 
infinite distance, the Formule (5) above will enable us to de- 
termine whether there are such asymptotes to a polar curve. 

If for any finite value of b, say = a, r is infinite, then either 
the radius vector itself, or a line parallel to it, is an asymptote 
to the curve: and since the polar subtangent, which is equal 


dé . ' ; 
to r? Tr 8 the perpendicular distance from the pole on a tan- 


2 
gent, if the value of ee corresponding to 6=« and r= 3 


2 
be finite, the line can be drawn, and if aa = 0 the radius 
vector itself is the asymptote; but if it be equal to s the 
asymptote, being at an infinite distance from the pole, cannot 


be constructed. An inspection of fig. 42. will render this plain ; 
in which sP is the infinite radius vector, TL the asymptote, 
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P when 6=a and r = a If there are 


several values of § for which r is infinite, there may be several 
rectilinear asymptotes. Hence, to determine them, 


ST the value of 


Find what finite values of ô render r = = If the polar sub- 


tangent, corresponding to such infinite values of r and finite 
values of 6, be finite, then there are rectilinear asymptotes which 
may be drawn. i 


; be dh, ne 
It is to be borne in mind that when L is positive, the 


asymptote lies below the radius vector, as in fig. 42.; and, if it 
be negative, the asymptote lies above it. 
Ex a rdr 3 


Sale, 8 Sega | ep gee 


when §= 0, r= = and polar subtangent = 0: 


showing that the prime radius itself is a rectilinear asymptote 
to the curve, which is delineated in fig. 43. It is to be ob- 
served that there are in the curve two discontinuous points; 
one at the origin, and the other where the infinite branch ends: 
these apparent anomalies are owing to our not having discussed 
the means of interpreting r when affected with + v —, which 
it will be when @ is negative. 


B. Asymptotic Circles. 


114.] Suppose that as 4 increases without limit ” approaches 
without limit to a finite value a, then the spiral is more and 
more nearly approaching to a circle whose radius is a; if the 
curve approaches to it from the outside, the circle is called an 


mterior asymptotic circle, and if from the inside, an exterior 
asymptotic circle. 


Ex. ata (> a 
which may be written under the form 


r=a +f 
= P 
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First, let ô be positive, then r is always > than a, and when 
al dé ; ; 

= 0, riso and 7? In mia, showing that the line parallel 

to the prime radius at a distance a above it is an asymptote to 


1 . . 
the curve; and when 6 = gr = 43 whence we have an interior 


asymptotic circle, such as is drawn in fig. 44. 
Secondly, let ô be negative, then 
a 

r= 4&4 -7 


f > 
and, therefore, when 9 = 0, r = — A and ris negative as ô in- 
creases until 6 = 1, in which case r = 0, and thence 7 is always 


P 1 
less than a until ô = 5 when r = a. Thus we have such à curve 
as that dotted in the figure, and with an exterior asymptotic 
circle (the continuity of the two branches of the curve is worth 


remarking) of radius SA = a. 


115.] On Concavity and Convexity, and Points of Inflexion. 


On an inspection of the figures marked 45. and 46. it will 
be manifest that if a curve referred to polar co-ordinates is con- 
cave towards the pole, as 7 increases, p increases also, and there- 


fore T is positive; and if the curve be convex towards the 


pole, as 7 increases, p decreases, and vice versd, and therefore 


T is negative. If, therefore, the equation to the curve be 
given in the form r = f(4), in order to determine whether the 
curve is concave or convex towards the pole, we must transform 
the equation into one between r and p, by means of the relations 


given in (5) or (6) of Art. 112., and thence find = » and for 


all values for which 


dris me : 
ap is positive, the curve is concave towards the pole, 


dr 


is negative; . > S n COMVOX i P es 
dp g 2 > 
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dr 


and, therefore, if at any point ap 


changes sign by passing 
through 0 or = at such a point the direction of curvature 


changes, and there is a point of inflexion: hence, to determine 


dr 


to O and to ae and examine whether 
dp 0 


such points, equate 


T changes sign; if it does, there is a point of inflexion. 


We subjoin an example, and refer for others to chapter x. of 
Mr. Gregory’s Collection, and to chapters ix. and x. of Mr. 
Hind’s Series. 


Ex. pos Fe Let | = u, 


ew =h, 
2audu = di; 
substituting in (6) of Art. 112., and reducing, 
TARTS 
Po (4a! +r)? 
dp ‘2a*(4a*—r*) 


whence ae 
dr (4at+ rA à 


d : ; 
L = 0, and changes sign when r = a (2Y. 


The curve is represented in fig. 43. We have, therefore, a 


: à k s k “an 
point of inflexion at Q, where SQ = a /2, and z is positive, 
that is, the curve is concave towards the pole, when r is less than 


ar.. 7 al 
a /2, and dp 1s negative, or the curve is convex towards the 


pole, when 7 is greater than a /2. 
116 ] We have now discussed all the peculiarities that curves 


referred to polar co-ordinates generally admit of, and we pro- 
ceed to give general rules for the analysis of such equations, 
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and for tracing the curves which are represented by them ; with 
this object in view we have to make the following suggestions. 


1) That if the equation be.of the form r = f(é) + (8), so 
that r = f(#) represents a curve which is diametral to the curve 
which is to be traced, we had better trace the curves sepa- 
rately, or at least separately arrange the lengths of the radii 
vectores corresponding to the several values of 6, and then add 
and subtract the radii vectores of the second from those of the 
first. 


2) Investigate the several values of ô which make r = O or 
= = and in the latter case, if the value of ô be finite, determine 


whether the polar subtangent is finite or not, as this is the cri- 
terion whether the rectilinear asymptote can be constructed or 
not. Give such particular values to ô as the equation suggests, 
as e.g. if the equation involves a function of 34, put §= 15°, 


; ares : ð 
30°, 45°, &c.; or if the equation involves a function of = , put d= 


60°, 90°, 120°, 180°, and so on. In general give to @ such 
values that r may be constructed; and, by giving to ô the values 
0 and nz, we find the values of r when the curve cuts the 
prime radius, or the prime radius produced backwards ; and re- 
member to make 7 revolve in both directions. 


3) It is convenient to find or as it is the ratio of the cor- 


responding increments of r and 4; and, therefore, if it is positive, 
as § increases 7 increases; and if it is negative, r decreases as 4 


. . dr . 
increases; and if = 0, we have no increase of r correspond- 


ing to an increase of 6, that is, the curve is at right angles to the 
radius vector, which is also manifest from Equation (4) Art. 


112., because, at such a point, tan SPT = > And if = = 0 
and changes its sign, we have a maximum or minimum yalue of 
r, which point is called an apse: and we have instances of such 
in the ellipse, if the focus be the pole, at the extremities of the 
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major axis; and in the circle, if the centre be the pole, every 
point is an apse. 


4) Nothing more need be said on the subject of rectilinear 
asymptotes and asymptotic circles; nor 


5) On the direction of curvature and points of inflexion. 


117.] Hence, then, to trace a curve referred to polar co- 
ordinates, 


I. Investigate, arrange, and tabulate, with their proper signs, 
r : ; 1 

all the particular values of @ which rénder r = 0, or = p 
equal to a value that may be constructed without difficulty. 


s examine its sign, and at what values of ô it is 


II. Find 


equal to 0, and to l: , and whether it changes its sign; if it 


does, at such points there are maximum and minimum radii 
vectores. l 


III. Determine whether any finite values of 4 render r = 4 ; 


if so, find the value of 7? r corresponding to this value of 6, and 


construct the asymptote: examine whether there is an asym- 
ptotic circle. 


IV. Transform the equation into its equivalent between 7 and 
dr ap aes set 
p: find dp’ and examine its sign for the purpose of determining 


whether the curve is conyex or concave towards the pole, also 
$ dr h sik i 1 
apr eee its sign by passing through 0 or 0° 


examine whether 
as such will be a point of inflexion. 


_ V. Trace the curve in a similar manner, by making r to 
revolve in a negative direction. 
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Ezel r=a sing, 


dr_a 6 
ama: Wha 


r is never greater than a, and r = 0 when (= 0, = 22, = 47, 
dr 
isses ZnT; and da = 0 when ) = 7, =32,=...=(2n+1). 


Therefore we have the following table. 


dr 
ĝ ia 
f di 
15 0 —, 0, + + 
T a 
A 2 te aie a 
3. T +a +,0, = 
37 a 
T eee Ei 
5 2r +,0, — ak 
5r a 
: z D £ 
7 3m TAR = 0,04} 
Tr a 
u z mae, + 
9, 4r —, 0, + 


Hence it appears that 7 attains a maximum value a when 
0 = n, = 5m, &c., and a minimum value when § = 3r, = 77, 
&c. The form of the curve is that in fig. 47. 


Ex. 2. Trace the Curve whose Equation is 


_ 6+ sind _ dr _ 2a(hcosé — sinb) 
oe a dA. oo a 


r is always positive, since the arc is always greater than the 
sine; and since for all values of ô in the first and second qua- 
drants sin § is positive, and for values in the third and fourth 
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quadrants sin @ is negative; therefore in the first and second 
quadrants 7 is always greater than a, and in the third and fourth 
r is less than a. 


And since, when ô = 0, mt = 1, (Lemma II. Art. 12.) 


: hence, to determine the corresponding 


Ol m 


when ô = 0, r = 
polar subtangent, 


p_a (6+ sing)? _ 
dr 26cos6—sind 


— 22 + sinb) (1 + cosb) _ 
ie — í sin 6 


S + cos ĝ)? — sin 0 (9 + sin me 
— sin § — 6 cos 0 


ii Si 
when 6 = 0, 


the rectilinear asymptote cannot be es. 
1 : Ks 
When 6= or7=% therefore there is an asymptotic circle 


whose radius is a. Hence we tabulate as follows: 
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It appears, then, that the curve starts from infinity, as deli- 
neated in fig. 48.; and periodically when @ = 7, = 27, = 37, 
= &c., passes through the two points Aand B, which are the 
extremities of the diameter of the circle whose radius is a, to 
which circle it continually approaches; being outside in the 
first and second quadrants, and inside the circle in the third and 
fourth. We have then this peculiarity, that the curve on the out- 
side is becoming gradually nearer and nearer to the circle; and 
on the inside on the circle, as 4 increases it recedes further and 
further from the diameter towards the circumference. 


www.rcin.org.pl 


118. ] ON CURVATURE OF PLANE CURVES. 193 


CHAP. XI. 


ON CURVATURE OF PLANE CURVES. 


A. Curves referred to Rectangular Co-ordinates. 


118.] Tue considerations on which we entered in Art. 103, 
Chapter IX. enable us to determine in what direction, with 
reference to fixed co-ordinate axes, the curvature of a curve is 
turned, and also to determine points of inflexion; we now pro- 
ceed to discuss the amount of curvature: but, as a new affection 
of a plane curve is hereby introduced, the amount being either 
great or small, and these being relative terms, it is necessary to 
fix on some standard with which to compare it; the circle 
naturally suggests itself as a convenient measure, inasmuch as 
the curvature of it is the same at every point of the same circle, 
and, therefore, depends on some essential property of the circle. 
With a view to the determination of this property, let us con- 
ceive a circle of radius r to be drawn, and a straight line touch- 
ing it,a given point. If the radius increases, the circle approaches 
nearer and nearer to the tangent line, and the curvature 
becomes less and less, and when the radius becomes infinitely 
great the circle degenerates into a straight line, and the curva- 
ture vanishes (see Art. 88.): also, as the radius decreases the 
curvature increases, and ultimately, when r = 0, the curvature 


is infinitely great ; hence the curyature is some function of > and 
it is usual and natural to take the most simple function, viz. 


1 , 
p as the measure of it. 


A question then arises, in what manner most convenient to 
our present purpose is this Measure of a Circle’s Curvature to be 
determined? The relation between a circular are, the radius of 
a circle, and the angle subtended at the centre, is 


arc = rad. x angle. 
o 
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Tf, therefore, ds = the small are between two points (2, y) 
(x + dx, y + dy), dy the small angle subtended at the centre, 
and p the radius, 


ds = + p dẹ; 
i O ee 
whence : = + PEE 


using the positive or negative sign as is requisite, since p is to 
be an absolute length, i. e. independent of direction. 


Let us now consider how we are hereby enabled to deter- 
mine the curvature at any point on a given curve. Of course, the 
above ratio Ad is no longer constant, but varies at every point 
of the curve. Conceive, then, two normals to be drawn at two 
consecutive points of a curve. ‘These will in general meet at a 
finite distance, and d will be the small angle they include ; 
and, as the two points become infinitely near to one another, 


the ratio X will converge towards some determinate limit, and 


will become the measure of the curvature at the point, or rather 
will measure the mean curvature, and no appreciable error will 
be committed by our taking it as the measure of the actual 
curvature; whence we have ; 


a 
~ 


| 


5 (1) 


p= + 


a 
E 


and calling the line p, as we may do from the analogy of the 
circle, the radius of curvature, and the point at which the con- 
secutive normals intersect the centre of curvature, we may 
define as follows: 


Der. The distance from the curve at which two consecutive 


normals of a plane curve intersect, is the radius of curvature 
at that point. 


-119.] We proceed to determine its Value. (See fig. 49.) ! 


Let the equation to the curve be y = f(x), and P,Q be the 
two points on it at which the normals PO, Qo are drawn, O 
their point of intersection, which is therefore the centre of 
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curvature 3 through @ draw a line KG parallel to Q0; then 
d. 

PQ=ds, POQ= dy = PGK = d tan" Ty PO=Q0=>p= 


radius of curvature ; 
ds = pd tn (2) 


zdy — yds ay”: 
P dy? . da + dy? 


ds? = p (edy — dydx), 


aie a AE E (3) 
ioe sdy — ydr’ 


in which expression neither x, y, nor s is an independent 
variable, and therefore the above is the most general value 
of p. 

If x be taken as the independent variable d'z = 0, and 
Equation (3) becomes 


dy? 3 
fe. oA aes) (4) 
Oy = dydas sey. 

dz? 
which is the value of the radius of curvature most generally 
used; and, if y be the independent variable, d'y = 0, and 


a 3 
ds? (1 ‘ Ta) 
se Pady T Px ; (6) 
dy 


We have omitted the + signs, because they indicate only the 
direction in which the radius of curvature is to be drawn, 
whether down from the curve, as in fig. 49., or up, as would be 
the case in fig. 54.; an inspection, however, of the curve in 
fig. 49., and of the Equation (4), shows that if p is to be 
measured downwards, and then reckoned positive, as therein 
delineated, Equation (4) must be affected with the negative 
sign. 


o 2 
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On comparing Equations (1) and (2), it appears that the angle 
which we have denoted by dọ, and which is the angle between 


two consecutive normals, = d tan—! T whence (see fig. 49.) 


tan~! r = Ų = PGM: 


but, according to the notation in Art. 97. Chap. IX., 


d 
tan—! a =e = Pre: 


tT + v = a? 
dr +dyv=0, 
ds 
whence pi i (6) 


and dr, which = TPT, and is the angle of inclination of two 
consecutive tangents, is called the angle of contingence. 


The value of p given in (3) may be put under another very 
elegant form, which is sometimes convenient : 


dè = dz + dy’, 
ds d?s = dz dæ + dydy, (7) 
ds? (PSY = da?(@x) + 2dxdy Px Py + dy? (Py), 
squaring (3), a = dy? (dx) — 2dxdy @Pxd’y + dx (dy), 
by addition, 
as (2s) + Gt = Wat + ay) (Pa) + (CM, 


whence = ga (Pa) + (Py — @s)), 


; = y (Pas) + (Py? — (@s)}'; (8) 


therefore, if s be the independent variable, d?s = 0, and 
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= L (ea) + (ey 


ET { (53) + + (3) r ©) 


As an example, let us apply Equation (4) to the circle, 
y= Ve — »), 


oa p= a. 


For other examples, see Gregory’s Collection, chap. xii., and 
Hind’s Series, chap. viii. 


If the equation to the curve be given under the implicit 
form | 


u=F(2,y) =, 


we must substitute as follows in the general value of p given in 
Equation (3); since, as shown in Art. 38., 


E) as (Baya 
E) aea a (23) aay + (08) ay + (E) e= 


+ (Ge) y= 


TETEL 
+2 Gea) dxdy + (#2) dy}; (10) 
from which equations, 
R wW AL = redy ~ dydx 
d 
(D) (Ge) aala) + eu (E) 
S ds 
(ey Fale 
a 3 
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*, substituting from (3) ‘and (10), the third of these equalities 
becomes 


ds* 
mace 5) dat 42 (teas Teay) dedy + (Sa) dy’ 


Whence, substituting and oe we have 


ae 7) (T)? me 3 EAL Ge ance Ak 
(e-e a) 


As an example, let us apply this expression to the ellipse, 


x? 2 
F(x) = +4, =1. 


RE tt. fold er 

dei g? dy pe: 

En T 
ya (ab)! 


whence -= M. 
P (a‘ y + 54 Py 


120.] It is manifest that, in general, as the point at which 
the radius of curvature is drawn moves along the curve, the 
centre of curvature moves also, and traces out a continuous 
curve if the point moves continuously along the first curve. We 
proceed now to determine the Position of the Centre of Curva- 
ture, and its locus as the point at which the radius of curvature 
is drawn moves. 

Let zand y be the co-ordinates to the point on the curve, ¢ and 
n the co-ordinates to the centre of curvature, then, on referring 
to fig. 50., it will be seen that 


OM=2, ON = £, PaM =, 
MP = y, NU = 1, PTM= T, 
PII = p. 
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Then, since 7 z are respectively the sine and cosine of 


the angle Pem, we have, from the geometry of the figure, 


d 
p= rph 


(12) 
dz 
ee. ae 


which formule determine the position of the centre of curvature 
corresponding to any point of the curve; and, by eliminating 
x and y between these equations and the equation to the curve, 
viz. y = f(x), there will result an equation involving § and », 
which will represent the locus of the centre of curvature. This 
new curve is called the evolute to the original curve, for a reason 
which will be shortly explained. 

The Equations (12) assume various forms, according to the 
value we give to p; i. e. whether we express p by one or other 
of its values (3), (4), (5), (9), (11). Thus, applying the value of 


the radius of curvature given in (4) when x is the independent 
variable, we have 


(13) 


a 
5 
a 9 
S 
Se eee 


and, if the equation to the curve be given in the implicit form, 
the equations must be modified according to the Equation (11), 
and those by means of which (11) has been determined. 

Let us take the two following examples of applying the for- 


mule (13) and determining the equations to a evolutes of 
given curves. 


Ex. 1. To find the Evolute of the Ellipse whose Equation is 


x? E 
a? + 5? ~~ l. 
oO +t 
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CENE aes po? 
cient Saree ee 

By _ pen 
: oF ieee ays? 


whence r= 


y= j x3 


whereby we have determined the position of the centre of cur- 
vature of any point in the ellipse; and since 


3 
ss a= (a5 — Ea) 


ON PE. ) 
ot (aon ‘ 
Adding, and bearing in mind the equation to the ellipse, we have 


iat 4 G1) Seta), 


which is the equation to the evolute of the ellipse, and is repre- 
sented in fig. 51. 


Ex. 2. To find the Equation to the Evolute of the Cycloid, 
y = V(2ax—2") + aversin—! = 
The origin being placed at 0, the vertex of the cycloid, and the 


curve being placed as in fig. 52., OM = x, MP = y, ON = &, 
NQ = n, OA = 2a, AO’ = 7a; by differentiation 


BI LIOTERKA 
A. CLAJEWICZA | 
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whence, substituting in Equation (13), 


F=4a— 2, 
y=y — 2(2ax— 22) 5 
whence z = 4a—, 


y = n + 2 (E — 2a) (4a — 8); 


and substituting in the equation to the cycloid, 


= AlE 2a) (4a — E) + avomin™t SEE 


> 


an equation representing a cycloid exactly equal and similarly 
placed to the original one, but having its vertex at 0’, as in the 
figure, which may be shown as follows. Transfer the origin to 
o’, by writing 
for é, 2a+ &’, 
+1 TAH 
whence we have 


1 / 
ma = W = — ẸẸ' (2a — $)}°+ aversin—! Mag 


l 7 
= — (2a — gry + Ta — a versin =! Ë ; 


li 
y = (2a%' — phy aversin—! =) 


which, being an equation of exactly the same form as the equa- 
tion to the given cycloid, represents an equal and similarly placed 
curve, viz. O'Q. 

Theoretically, the equations to the evolutes of all curves may 
be found by means of the Equations (12), but in most cases the 
difficulty of elimination is so great as to be beyond the present 


powers of analysis. For other examples, see Gregory, chapter 
xii. section 2., and Hind, chapter viii. | 


121.] We proceed, now, to discuss the general Properties of 
the Curve whose current co-ordinates are ¢ and ». 
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From Equation (12) we have 


aie 
g—2'= ps, 
14 
oh (14) 
(MORE cadmas 2 7) 


squaring and adding, 
(Ezy E Chim yl =P (15) 
also (g — x)dx + (n — y)dy = 0, (16) 
(F—2)@r + (1 — yy = (tady — dey da), 
= ds? by condition (3). (17) 


Hence it appears, that as (17) is the differential of (16), and. 
(16) is the differential of (15), the differentiations being per- 
formed on the supposition that &, 4, and p are constant, and x 
and y vary, (15) represents a circle whose radius is p, and the 
co-ordinates to whose centre are § and y, and which passes 
through the three points on the original curve (a,y), (« + dz, 
y + dy), (x + 2dz + Ëz, y + 2dy + dy), which circle is 
called the circle of curvature. This result is in accordance with. 
what was laid down in Art. 118. and 119. ; for since ¢ and y` 
refer to the point of meeting of two consecutive normals, and 
each normal implies a tangent passing through two points, there 
must be three consecutive points in the curve for which £, y, 
and p do not vary. It is also to be observed that (16) is the 
equation to the normal, if £ and y are its current co-ordinates, 
and, therefore, the centre of curvature is on the normal. 


122.] Again, suppose à and p to be the angles made by the 
line PH, which is the radius of curvature in fig. 50., with the 
co-ordinate axes, and let us consider s to be the independent 
variable; then, since 


ds? = dx? + dy’, 
o = @xdx + dydy. (18) 
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Comparing this with (16), as both equations are simultaneously 
true, we have 


— OO 
== — = 


4 
dx dy _ {((dx)?+(dy)} =F by Equation (9) ; 


aa ae i 

‘ . (19) 
15H ee 
p = P asi 


er pa 


— 7 
f—3 = COSA, aE Tye RRS 


but 
diz dag 
cos A= p Fa, COSH = p Ta. (20) 


Again, since the new curve is the locus of the point of inter- 
section of any two consecutive normals of the original curve, if 
the new curve be continuous, each normal must pass through 
two points in the new curye which are infinitely near to one 
another. Hence, in the expressions (14), £, 1, p, z, y may all 
vary simultaneously, and we have 


d d?yds—d*sd 
di dz + dp F +p a ii 


sS 


and, substituting for p and d?s from (3) and (7), we have 


a a ee 
(21) 
and, similarly, dy = — 5 dp. 


=~ 


Whence it appears that we may differentiate (14) on the sup- 
position that p, ¢, and » vary independently of x and y; that is, 
the normal passing through (x, y) passes through (¢, n) and 
(+dé, n+dn); though, of course, as is plain from the figure 
50., the length of p varies. 
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123.] Again, from (21), 
dt dx + dr dy = 0, (22) 
dẹ + dy? = dp. (23) 


Hence, from (23), if « be the length of an arc of the new pik. 
and de an element of the arc, then, since 


do? = dy? + dé, 
we have Git =e dats 
dom + dp. 


And taking the positive sign, in order to accommodate the 
analytical -expression to the curve in fig. 50., where An= rp, 
and the element of the arc at 11 = do, and therefore e and p are 
increasing simultaneously, we have 


do—dp= 0; 
¢—p= a constant = c: 


and, therefore, the difference in length between the radius of cur- 
vature of the original curve and the length of the new curve is 
constant. If, therefore, a perfectly flexible and inextensible 
string of the length p were fixed at the point (¢, n) on the new 
curve, and wrapped round the arc of the new curve, just so 
much will be taken off from the string by the wrapping that 
the remainder will equal the radius of the old curve, correspond- 
ing to the point in the new curve at which the wrapping ends; 
and, therefore, if an inextensible string be unwrapped from the 
new curve, as e. g. (see fig. 50.) from art, the length of which 
is exactly equal to the length of the new curve + AO, which is 
constant, and is the radius of curvature of OP at o, the extre- 

mity of it will generate the old curve, viz. op. It is for this 
reason that the new curve is called the evolute, and the original 
curve is called the znvolute with respect to it. 

It is manifest that the lengths of all evolutes can be deter- 
mined, that is, the lengths can be compared with other lines, 
whence they are said to be rectifiable; and that the length of 
the evolute is equal to the difference of the radii of curvature of 
the inyolute corresponding to its two extremities. Thus, consider 
the evolute to the ellipse which is delineated in fig. 51.; the 
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length of the branch DE = the radius of curvature of ellipse at 
B less the radius of curvature at A. And from the example in 
Art. 119., 


2 
Rad. of curv. at B = F = DB, 


b2 
„3t A = — = AE; 
a 


a — b? 
length of branch of evolute DE = ~g 
a? — h3 
Hence, whole length of evolute = 4 ab 
124.] Again, from (22), 
dë dx + dydy =0; 
dy __ dz 
dps. dy 
And since a is the tangent of the angle made with the axis of 


x by the tangent to the evolute, and oy is the tangent of the 


angle between the axis of x and the tangent to the involute, 
it follows that the tangent to the evolute is perpendicular to 
the tangent to the involute, or that the normal to the involute 
is a tangent to the evolute. This result might have been anti- 
cipated from what is said in Art. 121. 


125.] The following geometrical considerations will enable 
us better to understand some of the results we have arrived at 
in the preceding articles on curvature. 


The Equations (14), (15), (16), (17), connecting x, y, p, &, and 
n, show that the centre of curvature is the centre of a circle 
passing through three consecutive points in the curve. These 
three points are necessary to render the circle definite. If it 
passes through only two points, its centre may be any where 
on the normal which is perpendicular to the tangent passing 
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through the two points, and thus there may be an infinite 
number of circles satisfying the condition: but, if the circle is 
to pass through three points, its centre must be on the normal 
perpendicular to the tangent passing through the second and 
third points, as well as on the normal corresponding to the 
first and second points; and as these two normals will intersect 
in one point, this point must be the centre of the circle, and 
the circle becomes definite ; in other words, the two consecutive 
elements of the curve which are delineated in fig. 53., viz. PQ 
and QR, will form two sides of a triangle, and by joining PR 
the triangle will be completed, and the circle described about 
this triangle will be a definite circle, and pass through the 
points P, Q, R, which are three consecutive points on the curve. 
We may by this means determine the radius of curvature as 
follows. 
Using the same notation as in Equation (6) of this chapter, 
dr is the small angle between PQ produced and QR; and as 
this angle is very small we are authorised by Lemma II. 
Chap. I. to use indifferently the angle or its sine. Whence, 
and by Equation (6), 


sin dr = + af 


And, since PQ = ds, and QR = ds + d?s, 


the area of the triangle PQR = (ds + ds) sin dr 
ds? 
= SE ape -}- d*s). 


Also, since PS = dz, SQ = dy, su=dx+d°z,tTR=dy+ dy, 
the area of PQR = PUR — PSQ—ST—QTR 


=z (2dx+d*x) (2dy+d?y)—} dy de — dy (dx+d*x) 
—2 (dy + d?y) (dz + d?a) 
= } (dxd®y—dyd*z); 


and equating these two values of the area of PQR, 


ds? 
+ = (ds-+d*s) = dx d®y—dy a, 
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and neglecting d*s, because it is added to ds, we have 
P Y d?’xdy—dz dy 

ieee ds? $ 
the same result as in Art. 119. 


If we had applied the common trigonometrical formula for 
the radius of a circle circumscribed about a given triangle 
whose sides are a, b, c, and a+b+¢= 28, viz. 


abe 
P= 7 B=) G5) Gey” 
to the triangle PQR, whose sides are 
PQ=ds, QR=ds+d?s, PR = {(2 du+ dx) +(2dy+d2y)}* 
we should have found, as in Equation (8), 
1i 


5 = ga (@aye Eyy- Eet. 


126.] An inspection of the value of the radius of curvature 
(4) in Art. 119. shows that, if be not infinite, the radius of 
curvature becomes infinite, or the curvature vanishes whenever 


d? . . . 
T = 0; that is, the curve degenerates into a straight line. 


Such is the case at the point of inflexion, at which, also, as the 
: dA ‘ar i j 
sign of TA changes, the direction in which the radius of curva- 


ture is to be drawn changes also, and the evolute passes off into 
an infinite branch asymptotic to the normal at the point of 
inflexion, and passes round the sphere of which the plane in 
which the curve lies is the superior limit, whereby the evolute 


h . s TRR d?’ y 
as no point of discontinuity. If a 0, and does not 


change its sign, then the branches of the evolute are related to 
the normal asymptote in the manner indicated in fig. 12.; and 


. 2 
if at any point on the curve oy and a are both infinite, then 
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the value of the radius of curvature must be determined by the 
methods explained in Chap. V. 


B. Curves referred to Polar Co-ordinates. 
127.] To determine the Length of the Radius of Curvature. 


Let r=f (0) be the equation to the curve (see fig. 54.); then, 
from Equation (6) Art. 119., 
ds 
foe Ss 
but t = the angle PKX = PSX + SPK 
= 6+ tan! 


ne 


1 r? dG? 
T dr? 


ee + rdrd?6+2dr* dé —rdidr 
dr? + r? dh? 


And since, from Equation (3) Art. 112., 
ds = (dr? + 1? dÈ, 
(dr? 4-72d02)) 


dr =d$+ 


p= paeprardsadrdiardiar? 4) 
and if 6 be an independent variable, d?§ = 0, and we have 
Lea (dr? +72 d0} 
LS E ady aoda rdi dr a 


Similarly may the expression be modified if r be the indepen- 
dent variable. 


The value (24) might also have been deduced from the 
Equation (3) Art. 119., by substituting 


æ = r cosl, 
y = r sin 0, 


and calculating the successive differentials of x and y. 
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128.] The expression for the radius of curvature may also be 
put under a very elegant and simple form, as follows: 


Let the equation to the curve be changed into its equivalent 
between r and p, by means of either (5) or (6) in Art. 112., 
so that 


r = f(p)- 
Then, since t = 6 + SPy 
=6 + sin—! Ë A 
r 
G rdp—pdr | 
dr = dé + rva =p 


and since, from the geometry of the figure, by equating the 
two values of tan S Py, 


e Homey 
and ds F ap ; 
ar = apy 
p= es = + aa (26) 


Which expression may also thus be obtained (see fig. 55.): 


sP='7, 


l PO = p, the radius of curvature, 
Sy = p, 


O being the point at which two consecutive normals intersect. 
Draw sz from s perpendicular to OP, then Pz = sy = p; there- 
fore, from.the geometry, 


SO? = SP? + PO? —2SP PO sin SPy 


r+ pt — Arp £ 


= 7° + p?—2pp. (27) 
E 
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Then, since 0 and p remain the same for the next consecutive 
point in the curve, but r and p vary, we may differentiate on 
these conditions, and we have 


0 = 2rdr — 2pdp; 


rdr 
eee eal 28 
pep (28) 


The geometrical meaning of which expression is evident from 
fig. 56. 


Let Py, Py’ be two tangents drawn at consecutive points on 
the curve, Sy, Sy’ the corresponding perpendiculars from the 
pole, then yPy’ is the angle of contingence, and therefore 


ds = p x angle yPy’; 


but the angle yP y’ is subtended by the small are uy’ = dp, at 
the distance Py’, which is equal to /(7?—p?); therefore, yP y’ 
may be replaced by 
A EA: 
Vv (ep?) ” 


and replacing ds by its value found above, there results 


dp 


129.] A comparison of the results we have arrived at with 
what has been said in Article 121. shows that 0 is the centre 
of a circle which passes through three consecutive points on 
the curve. Let this circle be drawn as in fig. 55.; then Pv, 
the part of the radius vector sp which is intercepted by the 
circle, is called the chord of the circle of curvature. Its value 
is thus determined : 


PV = 2PU = 2p cos OPS 


= 2¢ sin SPy = 2p? 
dr 
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130.] To find the Equation to the Evolute of a Curve referred 
to Polar Co-ordinates. 

The following is the most convenient method of determining 
the equation. 

Let the original equation be transformed into its equivalent 
between r and p, so that 


r= f(p); (30) 


then, bearing in mind what has been said in Articles 121—124. 
on the properties of evolutes which are general and independent 
of the particular system of determining position, the line PO in 
fig. 55., which is a normal to the. involute, is a tangent to the 
evolute; therefore, referring the evolute to polar co-ordinates, 
r and p, if we take s to be the pole to the evolute, we have 


BOSP 


i! co-ordinates to the evolute, 
SZ= p 


and the following equations : 


dr 
PENI (31) 
and from the geometry, 
E, 6» 
and from (27) 
ra= r? + p?— 2op; (2) 


from which four equations we can (theoretically at least) 
eliminate 7, p, and p, and obtain a final equation involving only 
7 and p’, which will be the polar equation to the evolute. 

The several properties of evolutes, and the relation they bear 
to their respective involutes, might be deduced from the discus- 
Sion of them referred to polar co-ordinates; but, as they have 
been fully explained in the former part of this chapter, it is not 
worth while to repeat them. 

Two examples are subjoined of the equations which have 
been discussed in the last articles; for others, see Gregory, 
chap. xii., and Hind, chap. ix. 


P 2 
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Ex. 1. To determine the Radius and Chord of Curvature, 
and the Evolute of the Logarithmic Spiral, whose Equation is 


r= a’, 


For the sake of convenience, let log,a = A; 


by means of Equation (5) Art. 112., 


va 
pp 
(1+ 4%) 
dr 4 
coe 


1 
3 
p= r(l + a’); 


chord of curvature = 2r: 


and from (32) and (33) 


3 
Ar 1 + a? 
co ni: r= A ps 
1+aA 
pé 
r = AP; r=: 
A 


whence, 7’ = (1 + A’?)p’, 


which, as is plain from the above equation between r and p, 
represents an equal logarithmic spiral. 


Ex. 2. To find the Evolute of the Curve whose Equation is 
r? — p?=a?: 


whence, from (32) 


'= a; 


and therefore the evolute is a circle whose radius is a, the given 
equation having been that to the involute of the circle. 
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CHAP. XII. 


APPLICATION OF THE DIFFERENTIAL CALCULUS TO THE 
DISCUSSION OF PROPERTIES OF CURVED SURFACES. 


131.] In order the better to grasp the full meaning of the 
equations, and the results which we shall arrive at in this and 
the following chapter, it will be well to write down the general 
forms of the equations we shall employ, and to indicate the 
geometrical meaning of the constants and variables. 


«) To discuss the Equation to a Straight Line in Space. 


Let £, n, ¢ be the current co-ordinates to the straight line; 
2, Y, z, the co-ordinates to a point through which the line 
passes; A, u,v, the direction angles of the line, that is, the 
angles between a parallel line through the origin and the co- 
ordinate axes; and let r be the distance between (2, y, z) and 
(E, n, $); then the equations to the line are 


z — y — z— 
Seat =-7—1_ a4 a (1) 
COSA — COS u COs y 


the last of the equalities following by Preliminary Propo- 
sition III. 


‘ If, therefore, the equations to a line be given under the 
orm 


=~ 


eo a dent, See r (2) 


cach of these equalities is equal to 


3 
Vai + mi4 N?) 


P 3 
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and therefore 
L M 


cos A = racer aay 
(i? £ M? + N?)’ 


POA? | ST ee eee 
(Ci + M? 4 nN?) 


N 


cosy’ = - a i 
(L? a M2 as x?) (3) 


and therefore L, M, N are proportional to the direction cosines 
of the line. 
8) To discuss the Equation to a Plane. 


Der. A plane is the surface generated by a straight line 
moving round another straight line, at right angles to it. 


Let the origin be at a point o on the straight line OQ (see 
fig. 57.), round which the generating line QP turns, and let 
A, #, y be the direction angles of OQ; let 2, y, z be the co-ordi- 
nates to any point P, on the line PQ, in any position, and let 
OP =r, OQ = 26; then the direction cosines of OP are 

AE ial 
ror? p 


and since OQP is a right angle, 


OQ = OP cos POQ. 


s od 3 g } 
=r(7 Cosa aS COR er CORY ; 


COB A.t + COS pY + COS v.z = 0: (4) 


and as this relation holds good for every point in QP, and in 
every position of QP, it is, according to our definition, the equa- 
tion to a plane; A, uw, v being the direction angles of the normal 
to the plane, and ô the length of the perpendicular from the 
origin on the plane. 


Tf, therefore, the equation to the plane be given in the form 


Az + By + Cz =D, (5) 


www.rcin.org.pl 


132. ] APPLIED TO CURVED SURFACES. 215 
on comparing this with (4), we have 


A B c D 3 
=s = = = = (A? + B? + 0?), 
cosA cospz cosy 08 


Whence it appears that A, B, C, D are proportional respectively 
to the direction cosines of the normal to the plane, and to the 


length of the perpendicular on the plane from the origin; and 
we have 


cos A = z p 
(a? + B? + ©?) 

B 
cos p = ae Ger ee i 
A? + B® + ©?) 

( ) (6) 

cos y = TETS TLE 
(a? + B? + 0) 

a D 


TERNER 
(a? +B? coD 


132.] To find the Equation to a Tangent Plane to a Surface 
at a given Point. 


Let the equation to the surface be 
Ta, Y» 2) = 0. ? (7) 


Our present object is to show that if a straight line be drawn 
through a point on the surface (x, y, z), and through a second 
point (x + dx, y + dy, z + dz) infinitely near to it, the locus 
of such tangent lines is in general a plane, and is what is called 
the tangent plane. Of course, it is manifest that there are, in 
general, an infinity of points (x + dz, y + dy, z + dz) con- 


tiguous to the first point, and therefore there are an infinity of 
tangent lines. 


Let & n, § be the current co-ordinates to one of the tangent 


lines, and x, y, z the co-ordinates to the point of contact on the 
surface, then the equations to the line are 


P 4 


www.rcin.org.pl 


216 DIFFERENTIAL CALCULUS [ 133. 


ce Bie. des tae Daca.” 
a i> ee N (8) 
and, on account of the line passing through the point 
(x + dx, y + dy, z + dz), we have 
| dx _ dy _ dz, m 
Lf Oe ages 
by division, 


2—-F yy Byer NS (10) 


Be AGS Re 
r being the distance between (x, y, z) and (&, n, $), and ds being 
equal to (dz? + dy? + dz®). 


But the variations of v, y, z must be consistent with the 
equation to the surface, viz. with Equation (7), which gives us, 


if ph =i T) (3) do not all vanish at the point of 


contact, 


(E) (Bays (E) e= a 


Multiplying the several terms of which equation by the terms 
of equality (10), we have 


e-par o i a) te- a), a2) 


which, being of the first degree, represents a plane, and, being 
the locus of the tangent lines to the surface at the point in 
question, represents the tangent plane. 


133.] On comparing this equation with (5), and with the 
results of Equations (6), if «, 8, y be the direction angles of the 
normal to the plane, and p the perpendicular from the origin on 
the plane, we have 
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a 
EET dE\? = dE\2)» 
(Ge) 4 Ze) By (=) t 

a 
ee ee a 
S) Ki (5) T 7) 

A 


ad ae aye ayp 
OOO 
Naa) Ga) EGO 


217 


(13) 


(14) 


and if the equation to the surface F(z, y, z) = c be a homo- 
geneous function of n dimensions, then, since by the theorem 


proved in Art. 75., 


dF dE dE 
sea i (T) 7 aD ee eel 


we have in this case 


and the equation to the tangent plane becomes 


TORO 


(15) 


(16) 


If the equation to the surface be given in the explicit form 


z= f(a, y), 
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then F(z gre) = gf (2, y) = 90; 
de) _ _ afte) _ 

ane Ge) = - (7): 
at) = _ hf Y) _ ute) 
dy ay. dy?’ 
dF dz 
ie) =~ a, 


whence the equation to the tangent plane becomes 


dz 
z-t=(«-)(E)+0-0G) a”) 
and the values (13) and (14) must be modified accordingly. 


134.] To find the Equation to the Normal of a Curved 
Surface. 


Der. The normal is the straight line passing through the 
point of contact, and at right angles to the tangent plane. 


Let é, n, € be the current co-ordinates to the normal, and 
2, y, z the co-ordinates to the point of contact; then, since the 
direction cosines of the normal are, by Equations (13), propor- 


: d h E a dE 
tional to FPI i dy r ( sa its equations are \ 


fe a) ee ; (18) 
oo 
dx dy dz 
and if the equation to the surface be given under the explicit 


form, these expressions must be modified accordingly, and we 
shall have 


(19) 
y-1=-(F)e-9. 


Hence, also, from (18), the equations to a line passing through 
the origin, and at right angles to the tangent plane, are 
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4 Maii o 


eee aS = (20) 
o FGI 


Hence, if the problem be to find the locus of intersection with 
tangent plane of perpendiculars on it from the origin, we must 
eliminate x, y, z from Equations (7), (12), and (20), and the 
resulting relation between é, n, and @ will represent the locus 
sought. 

For examples illustrative of the preceding equations, see 
Gregory’s Collection, chap. xiii.; and Moigno, Legons du Calcul 
Differentiel, art. 184. leçon 32. 


135.] If at the point on the surface at which the tangent lines 


are drawn, 

dF dE dE 

Ta) =0, dy) =0, (g) =o, 
Equation (11) does not give a definite result, and there is no 
relation between dz, dy, and dz, besides (10), which being equi- 
valent to only two equations, and with three unknown quanti- 
ties involved, gives no determinate result. Hence we must seek 
for some other relation between dz, dy, dz arising out of the 
equation to the surface. Such we have, if all the second dif- 
ferential co-efficients do not vanish at the point in question, in 
the differential of (11), which is also the third term in the 
et: of F(x +h, y + kh, z + l); viz. 


5) Ga Cei) ve 
+2 (g) dede + 2 (E7 iy) d2 dy = 0; 


and, multiplying through by corresponding terms of equality 
(10), we have 


i e-poa (Ga) e20 
el T a RA (TT (z—8)(a—&) 
i (aay) (e7—£) (y—1) = 0, (21) 
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an equation of the second degree, showing therefore that the 
locus of the tangent lines is not a plane, but a surface of the 
second order. 

Changing the origin to the point under consideration, the 
equation assumes the form 


AE? + By? + C? + 2D + 2HLE + 2FEn = O, (22) 


which represents a cone of the second degree, the vertex being 
at the point of contact; and it may happen that the coefficients 
have such relations that the equation is decomposable into two 
factors of the first degree, in which case it will represent two 
planes. 

If all the second differential co-efficients vanish, we must 
proceed to a third differentiation, and then, in a similar manner, 
we shall arrive at a cone of the third order. 

For examples on these singular points in curved surfaces, see 
Gregory’s Examples, chap. xiii. section 3. 
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CHAP. XIII. 


ON THE APPLICATION OF THE DIFFERENTIAL CALCULUS 
TO THE DETERMINATION OF PROPERTIES OF CURVES IN 
SPACE, 


136.] A curve in space, which is also called a curve of double 
curvature, for a reason which will hereafter appear, may be de- 
fined in two ways: either by the intersection of two surfaces 
whose equations involving 2, y, z are given, and therefore by a 
combination of these equations; or, what amounts to the same, 
one of the variables, as e. g. z, may have been eliminated between 
these two equations involving z,y,z, and an equation obtained 
involving only z and y, which will be the equation to the projec- 
tion of the curve on the plane of (xy), and so with the other 
variables, whereby three equations may be formed, each con- 
taining two variables, which will severally represent the pro- 
jections of the curve on the co-ordinate planes, and any two of 
these equations will be sufficient to define the curve; and ac- 
cording as one or the other method is adopted, our formule will 
assume different shapes. 


7 137.] To find the Equation to a Tangent Line to a Curve in 
pace. 


Der. A tangent is the straight line passing through two 
points on the curye which are infinitely near to each other. 


Let £, n, č be the current co-ordinates to the tangent line, 
and first let the two points through which the line is to pass he 
at a finite distance (A s) apart ; and let their co-ordinates be 

T, Ys Z, r+Ax, ytAy, Z+ Az; 
then the equations to the line are 
ol 9G iek Ank I (1) 
Ax Ay Az” Ae’ 


where r is the distance between (x,y,z) and (§,1,$). 
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And, when these two points become infinitely near to one 
another, the secant becomes a tangent, and its equations become 


eae AE ec OR se ee a 
de jisay the da ce} 
where ds = /(d2?+dy?+dz’), 


and is the differential of the arc of the curve. 


On comparing these equations with those of «) in Art. 131. 
Equations (3), if à, p, v be the direction angles of the tangent, 


d 
cos A = ka cosy = Z, cos y = F. (3) 


If, then, the equations to the curve are two equations, say, of 
the forms 


Seay & $(y,2z) = 0, 
dx 


ae ana’ 5 can be found by differentiation, and Equations (2) 


and (3) car be determined for the particular curve. But if the 
equations to two surfaces are given of the forms 


F (44,2) = 0, F, (2,42) =.0, (4) 
, dF; (F dF FX i 
then, since EJ d+ a) dy + (=) dz = 0; 


(E) ans (E) ay (H) ae = 0 


we have by elimination the following system of equations, 


dy 
ae p E e D G 
= a; (6) 
a) Gp ee 
whence, multiplying the several terms of equality (2) by the 


several terms of this equality, dz, dy, dz will divide out, and 
we shall have the equations to the tangent in terms of the par- 
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tial differential coefficients of the intersecting surfaces. Simi- 
larly may the direction cosines in (3) be modified. 


138.] To find the Equation to the Normal Plane to a Curve 
in Space. 

Der. The plane perpendicular to the tangent line, and pass- 
ing through the point of contact, is called the normal plane. 


Let &, 7, ¢ be its current co-ordinates, and x, y, z be the point 
of contact through which it passes; then, since it is to be perpen- 


i IEA Á d dy d 
dicular to the line whose direction cosines are £? J 5 


do? e. i la 


equation is 


(a—£)dx+(y—n)dy+(z-%)dz = 0. (7) 


139.] To find the Equation to the Osculating Plane to a 
Curve in Space. 

In curves, such as we have discussed in previous chapters, all 
the points lie in one plane, and therefore they are called plane 
curves. This property, however, does not hold good for all 
curves in space; although every three consecutive points must 
be in one plane, yet the fourth may be out of it; or, in other 
words, every two consecutive tangents are in the same plane, 
but the next consecutive tangent is, in general, in a different 
one ; our object is to determine the equation to the plane which 
contains two consecutive tangents, and which is called the oscu- 
lating plane, and is defined as follows. 


Der. The osculating plane is the plane containing three con- 
Secutive points on a curve. 


Let the equation to the plane be 
i AE + By + 0% =D, (8) 
and let it pass through the points on the curve 
2, Y, 2, 
x + dz, y + dy, z+ dz, 
t+ 2dx + dx, y + Qdy +. Ëy, z + 2dz + dz. 


www.rcin.org.pl 


224 DIFFERENTIAL CALCULUS [139. 


Whence we have Az + By + Cz=D, (9) 
Adz + Bdy + cdz = 0, (10) 
A@a + Bd’y + cdz = 0. (11) 


Whence, subtracting (8) from (9), 
A(a—£) + B(y—n) + o(z—%) = Ó; (12) 


and eliminating successively between (10) and (11) we have 
the system 


Aae dat Oe) dee AY hcg (13) 
dy@z—dzdy  dzdx—drdz” dxd?y — dyr’ 


whence, dividing (12) by the several terms of equality (13), we 
have 


(dyd?z—dzd?y) (x«—£)+(dzd?x—dxd*z) (y—») 
+(dxdy—dydx) (z—8)=0, (14) 
which is the equation to the osculating plane. 


The method by which we have deduced this equation is the 
same as if we had defined the osculating plane to be that in 
which two consecutive tangents lie, as will be apparent from 
what follows. 


Let the equation to the plane passing through (2, y, z) be | 
A(a—§&)+B(y—1) + C(z—8) = 0; 
and since it is to be that in which two consecutive tangents lie, 
whose direction cosines are respectively 
da dy dz 
ds ds’ ds’ 


dx+d’?x dy+d@y dz+d@z 
ds + ds’ ds+d’s’ ds+d?*s’ 


we must have the conditions 
Adx+Bdy+cdz=0, 
A(dx+d@’°x)+B(dyt+@y)+C(dz+@z) = 0; 
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whence, by subtraction, 
A@z+Bd’y¥+caz = 0; 


which two relations between A, B, C are the same as those 
above marked (10) and (11), whence equality (13) follows, and 
therefore the equation to the osculating plane is the same. 


Hence, if Z, m, n are the direction angles of the normal to 
this plane, we have 


cos 1 f cos m aty cos n 
dydz—dzďy = dzdx—dxdz. dxd*y—dydx 


Ol 0 ot A is RA ne a 
(dy @z—dzd@y)’ +(dzd?x—d2zd2z) + (ded’'y—dy@2)}* 
(15) 


The denominator of which last expression may be modified as 
follows : 


(dy @z—dzd*y)? + (dz@Px—drd?zP+(dady—dydx) 
= (da? + dy’ +d) (2) +(@y)+(@2)9 
—(da@Pu+dy Py+dz0z): (16) 
but since ds? = dz?+dy?+d2’, (17) 
dsd?s = da@u+dy@y+dzd%z, (18) 


and therefore the right-hand member of (16) becomes. 


ds? (Px? + (L y} + (P2 —(Ps)}}, (19) 
and, if s be taken to be an independent variable, 
ds? (Px)? + (Py) +(Pz)}; (20) 
whence 
cos 1 cos m cos 2 


dy@z—dzd'y = dz@a—de@z dxd’y—dy@ x 


ee) 
aa(@ap+ (Py TEA 
Q 
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140.] If z be considered an independent variable so that 
d?z = 0, then the equation to the osculating plane becomes, 
dividing through by dz’, 


ay Gx AS heat a 
=ga@—) + ga — 0+ ae aaa) © 9= > 


(22) 
And similarly will the Equation (14) become modified, if any 
other variable be considered independent. ; 


141.] In connexion with the subject of the osculating plane 
we proceed to determine the analytical conditions that the cur- 
vature of a curve may lie entirely in one plane; or, in other 
words, that every four consecutive points on the curve may be 
in one plane. 

Let the equation to the plane be 

Ax + By + Cz=D. 
Then ade + Bdy + odz = 0." 
alr 4 Bay + odz = 0. (23) 
Az + Bay + cz = 0, 
Whence, from the last three equations, by cross-multiplication, 
dx(d?y d'z — dz dy) + dy(dz@x — de dz) \ 
+ dz(ď x y — dy dr) = 0; (24) 


which condition becomes, if z be taken to be an independent 
variable, 
Pedy dy dz 
dZdz déd ` ` cap 


For examples of the equations deduced in this chapter, see 
Gregory’s Collection, chap. xiii. 
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CHAP. XIV. 


ON CONTACT OF CURVES, AND ENVELOPES. 


WE proceed in this chapter to discuss generally two somewhat 
kindred subjects: those of contact of curves, and of envelopes ; 
specific forms of which have arisen in previous chapters, and 
which now it is our object to generalise. 


A. Of the Theory of Contact of Plane Curves. 


142.] Having in Article 94. defined a tangent line to be 
that which passes through two consecutive points on a curve, it 
appears that there are two points common to the tangent and 
the curve; and, from what was said in Article 121., it appears 
that the circle of curvature, whose radius and the co-ordinates 
to whose centre are determined respectively by the Equations 
(3) and (12) of Chap. XI., has three points common to itself and 
the curve. This property of curves having consecutive points 
in common, or, as it is called, having contact, it is our object to 
generalise, and with reference to it we define as follows. 


Der. Curves which have two consecutive points in common 
have contact of the first order; those which have three conse- 
cutive points in common have contact of the second order; 
those which have four in common, of the third order; and, 
similarly, those which have (n+.1) consecutive points in com- 
mon have contact of the nth order. 

Curves which possess these relative properties are also called 
osculating curves, and curves are said to osculate to each other. 

Nothing is said as to curves having only one point in common, 

cause such a condition implies no more than that they inter- 
Sect, but does not enable us to determine the relative direction 
of the curves, 


_ Hence, then, it appears that if for two curves whose equa- 
tions are 


Y = f(x), 1 = ¢(&), 
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we have the series of. common points indicated in the following 
table, viz. 


(2, y) , the two curves intersect; 

ie; n) 

(z, y) (z+dz, y+dy)\| the two curves have contact of the 
(£, 1), (+d, n+d1) J? first order; 


(x, y) (x+dz, y+ dy) (z+2dz+d?°z, y+2dđdy+d?y) there 


(E, n) (E +d, n +da), (+2dE 4- d?E, n +2dy+d?n) f’ is 
contact of the second order ; 


and similarly for contact of the third order, and of the nth 
order, for which it is necessary that the successive differentials 
up to the nth should be equal in both curves. 

These conditions become greatly simplified if we consider 
x and ¢ to increase by equal augments, in which case the 
seyeral differentials of x and ¢, after the first, vanish, and we 
have, if 


= . . 
3 K intersection of the curves; 


TEE 
=r la nd dy =% 7 contact of the first a5 
i= dg dx 


ai 2 \ 
Eo =x one T ZA es Oe contact of the second order; 


dẹ RAR 2? 


and if, besides, all the several successive differential coefficients, 
up to the nth inclusively, are equal in both curyes, there is 
contact of the nth order. 

Hence, if two curves have contact of the first order, they 
have a point in common, and the same tangent at the point; 
and, therefore, the tangent has contact of as first order, And 
if two curves have contact of the second order, they have not 
only a common tangent at the common point, but the curvature 
is the same, and is turned in the same direction; that is, they 
have the same circle of curvature. 


143.] Considering, then, contact to depend on the number 
of the successively deira functions which are equal in the 
equations to the curves, we are led to the following mode ° 
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viewing the subject; from which several important properties 
may be deduced. 


Let y=f(z) 1= 9) (1) 


be the equations to the curves, at the common point «=£, y=, 
and let y’ and 7’ be the ordinates corresponding to the abscissa 
x+h; then 


y=fe) +470) + Popa) tent ei ete, C) 
1=9(e) tE O wtp er eteh. (8) 


Then, if the contact be of the first order, 
f(x) = (2), f(x) = g (a), and 
2 
yet ta Lf" (x+9h)—9” (z+ 0h)}; (4) 


that is, the distance between the ordinates corresponding to 
«+h is an infinitesimal of the second order; and no other line 
can pass between these two curves, unless it has with each of 
them a contact of at least the first order. For, suppose it were 
possible that the ordinate y, corresponding to the abscissa x + h 
a the curve y=F (x) is such that ¥’(x) is not equal to f’(«), 
then 


y-n =} e+- e+}: © 


which difference is obviously greater than that given in (4), if 
h is very small; and, therefore, the curve y = F (x) does not 
come between the curves y = f (x) and y= ¢ (2). 


If the contact be of the second order, then, besides the former 
conditions, 


Ae) = g” (x), 
and, subtracting (3) from (2), we have 
, , hè ver itt > 6 
yY — y= tana (x+0h)— gp" (a+ Oh)}; (6) 


Qa 8 
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that is, the difference between the ordinates corresponding to 
the abscissa x + h is an infinitesimal of the third order: but if 
there is another curve, y= F (x), such that F(x) is not equal 
to f’ (x), although F(x) = f'(x); then, if y, be the ordinate 
of this third curve corresponding to the abscissa x + h, 


y-n = Uet- e+ (3) 


which difference, being an infinitesimal of the second order, is 
obviously greater than that given by Equation (6); and, there- 
fore, this third curve does not come between the first two curves. 
Similarly, if the contact between two curves be of the nth 
order, the difference of the abscisse corresponding to 2+ h, 
when % is very small, is an infinitesimal of the (n+ 1)th order. 
Hence we have the following theorems. 

« Two curves which have contact of the nth order are infi- 
nitely nearer to one another than two curves which have con- 
tact of an order lower than the nth.” 

“ A curve which has contact of the mth order cannot come 
between two curves which have contact of an order higher 
than the zth.” 


144,] An inspection of the Equations (4) and (6) above, 
and of other equations formed in a similar manner, and giving 
the difference between the ordinates y’ and 7’, corresponding to 
the several orders of contact, leads to the following theorem. 


“If two curves have contact of an odd order, they touch, and 
do not intersect; but, if the contact be of an even order, the 
curves touch and intersect.” 


For, suppose the contact to be of the nth order, 
pat! 


. Rm E Nay Rat ayre ga e (8) 


Then, if n be even, y' — n’ changes its sign as h changes sign ; 
and, therefore, f(#—h)—¢(#—h) and f(x+h)—ọ (x+h) have 
different signs, and therefore the curves intersect at the point 
of contact. But, if the contact be of an odd order, n is odd, 
and n+ 1 is even, and y’—7’ does not change sign with 4; that 
is, the curve which was nearer to the axis of x before contact is 
nearer to it afterwards, and the curves do not intersect. 
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145.] Suppose it is required to determine the order of con- 
tact which a curve may have with a given curve. The order 
manifestly depends on the number of arbitrary constants in- 
volved in the equation to the curve. One constant will be 
determined by the condition that there be a point common to 
both; a second, that there be a second point in common to both, 
that is, that the first derived function be the same to both 
curves; a third, that there be three points in common, that is, 
in addition to the former conditions, that the second derived 
function be the same to both curves: and so, if the mth derived 
function be the same to both, there must be (n+1) points in 
common, which will, in general, require (n+1) arbitrary con- 
stants to be involved in the equation to the curve. 

Hence, if an equation involve (n+ 1) arbitrary constants, it 
may, in general, be made to pass through (+1) points of a 
given curve, which points may be brought infinitely near to 
each other; and thus there may be contact of the nth order. 
The following are examples in illustration of what has been said 
in this Article. 


Ex. 1. To determine the Order of Contact which a Straight 
Line may have with a Curve, 


Let the equation to the line be y= «& + b, 
and the equation to the curve y= FS) 
then, as two arbitrary constants, æ and b, are involved in the 


equation to the line, there can in general be contact of only the 
first order. By differentiation, 


dy _.. 
oo 


and, therefore, æ is to be replaced by A and the constant b is 


determined by one point being common to both; viz. 


y= a& + b, 
ys art b; 
n— y= a(ġ— z) 
_ dy y 
= a2 MoT) 
Q4 
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which is the equation to the tangent to the curve, which line, 
. therefore, has contact of the first order. 


d? ‘ 
If at the point where the two curves meet, Ta aa i = 0, since 


7B = 0, there will be contact of the second order: hence, at a 
point of inflexion the tangent has contact of the second order 
with the curve. Similarly, if all the derived functions of f(x), 
up to the zth inclusively, vanish at the point where the line 
meets the curve, then the contact is of the mth order. 


Ex. 2. To determine the Order of Contact which a Circle 
may have with a Curve, 


Let the equation to the curve be y = f(2), 
and the equation to the circle 


(E-—e«?+(1—B) =? (9) 


taking x, and ¢ which is equal to it, to increase by equal 
increments, we have 


d 3 
(E-4)+ (1—8) Gp = 05 (10) 
1+()—6) i+ SE = 0. (11) 
dn? dn? 
l| + IE l + ae an 
Whence 4—6= shes i yi lamin Oya (12) 
de de 


And as three arbitrary constants, «, 8, p, are involved in the 
equation to the circle, there may be contact of the second 
order; and therefore we may write, for 


dy dy 
Es Ns dé’ dé? 


dy d? 
on Be 
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Whence we have 


2 2 
sF oa T Th dy 
Peat ay Cae ae (13) 
da? da? 
ay 3 
(1 +75) 
dx? 


which are’ severally the co-ordinates to the centre and the 
radius of the circle which has contact of the second order with 
the given curve. In comparing these expressions with those in 
Chap. XI. marked (4) (13), it will be seen that they are the 
same as those there determined for the co-ordinates of the centre 
and radius of curvature, when z is considered an independent 
variable; and, therefore, the osculating circle, or that which 
has contact of the second order, is identical with the circle of 
which we spoke in Art. 121., and called the circle of curvature; 
and, of course, all the properties which we there proved to 
belong to the circle of curvature belong to the osculating circle. 
And if we had not taken x to be an independent variable, but 
had calculated the complete differentials of (9) and (10), we 
should have arrived at expressions the same as those marked 
(15), (16), and (17) in Art. 121. 

The contact between a circle and a curve is of the third order 
whenever the radius of curvature is a maximum or a mininum; 
that is, whenever d e=0. Since we have the following ex- 
pression for the radius of curvature, 


` pdp =0 


WER nie 
Cree) naen- 05) ah 
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dy (@y\? ay ay w: 
Saale) ALY daa eos ee 


and, on differentiating the last ve of py we have 


s (FE ygs (1+ on a= = 0; (16) 


that is, (15) and (16) are identical when the several differential 
coefficients of the two curves are the same up to the third; that 
is, the contact is of the third order, if the radius of curvature be 
a maximum or minimum. 


Ex. 3. Hence, also, we conclude, that, as the complete equa; 
tion of the second degree is 


An? + Bén + CH + D1 + EE +F= O, 


which involves apparently six constants, but of which only five 
are arbitrary, as one involves the standard of comparison, a 
central curve of the second degree, with all its terms complete, 
may have contact of the fourth order with a given curve; but 
as, in the case of the parabola, a relation is given amongst the 
constants, and there are only four arbitrary ones, a parabola 
can have contact of only the third order. Similarly, with regard 
to the ellipse, if certain conditions are given, the number of 
disposable constants becomes diminished, and the order of con+ 
tact is lowered; as for instance, an ellipse with its major axis 
parallel to the axis of x has for its equation 


g—2?  (n— B? 
EAE E 


2 
aż ? 


with four arbitrary constants, «, 8, a,b; and therefore there 
can be contact of only the third order. Similarly, if in addition 
the ellipse is to be of a given eccentricity, then a relation is 
given between a and b, and we have only three arbitrary con- 
stants, and there can be contact of only the second order. 

The following problem is proposed for solution. 

To determine the co-ordinates to the vertex and the latus 
rectum of a parabola, whose principal axis is parallel to the axis 
of x, which has contact of the second order with the curve 


y = f(x); 
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and the locus of the vertex as the osculating parabola moves 
round a given ellipse. 

The theory of contact of curves in space is precisely similar 
to that which we have here developed, and therefore it is not 
worth while to enter into it at length, as it would require more 
space than we can afford to give to it. 


B. Of the Theory of Envelopes. 


146.] In the discussion of the relative properties of evolutes 
and involutes, in Chap. XI. Art. 123. and 124., it was proved 
that the normal to the involute is a tangent to the evolute; 
or, in other words, that as each normal to the involute passes 
through two consecutive points of the evolute, the latter curve 
may be conceived to be made up of an, infinite number of 
infinitely short straight lines, each of which is a part of a 
normal to the involute; thus we say that the evolute is formed 
by the intersection of consecutive normals, and is called their 
envelope. This property of a curve being generated by the 
ultimate intersections of a series of lines or curves drawn after 
some known law, we proceed to generalise and discuss. 


Let the equation to the family of curves, of which it is our 
object to determine the envelope, be 


F(a, y, a) = 0, (17) 


in which « is some variable parameter, so that for every value of 
æ we have some particular curve: but, if we make æ to vary 
continuously, we shall have a series of curves, the position of 
each one differing but little from that of the next. Suppose, 
then, that æ receives a variation da, then the two curves whose 
equations are (17) and . 


z F (x,y, a + da) = 0 (18) 


are in position infinitely near to another; but owing to the 
variation of « they will, in general, intersect in some point, 
which will be determined by v and y being the same in both 
(17) and (18), and which will be a point on the envelope. If, 
therefore, we eliminate æ between (17) and (18), the resulting 
equation will involve only x and y, and will be the equation to 
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the envelope. Before we proceed to apply the method, we may 
put (18) under a more convenient form. Since, by Equation (7) 
Axt, 51.5 


F (2, Y, a + da) = F (x, y, a) + da F(z, y, a + bda) = 0, 
subtracting (17), we have 
F (x, y,% + ida) =0; 
and in the limit, when dæ becomes infinitely small, 
Fln jayt 0. (19) 


Hence we have the following rule to determine the envelope 
of a family of curves, such as that represented by (17), where 
a is the variable parameter. <“ Eliminate the variable pàra- 
meter between the equation to the family of curves, and the 
derived of that equation with reference to the parameter.” | 


Ex. 1. To determine the Equation to the Curve formed by 
the Intersection of the Straight Lines whose Equation is 


m 
y= aur + FE 
where « varies. 


Differentiate with respect to «, x and y being constant. 


ice m 
. 4+ Bs 
x 
y= + V(mz) + V(mz) 
= +2 /(mz), 


y? = 4 mz, 
which is the equation to a parabola. 


It will easily be seen from this example and from the next, 
that the problem of determining envelopes produced by the 
intersection of straight lines is the inverse one to that of finding 
the equation to a tangent to a curve. In this case, the general 
equation to the tangent is given, and our object is to determine 
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the curve of which it is the tangent; in the other, the curve is 
given, and we have to determine the equation to the line pass- 
ing through any two consecutive points on it. Thus the given 
equation to the line above expresses the following geometrical 
property. From a point in the axis of x, at a distance m from 
the origin, lines are drawn, cutting the axis of y; and at the - 
point of intersection other lines are drawn at right angles to 
them, to find the curve to which these latter lines are tangents. 


Ex. 2. Straight Lines are drawn, such that the perpendicular 
Distance upon them, from a given point, is constant; to find 
their Envelope. 

Take the given point as the origin, and let % be the given 
perpendicular distance. Then, if « be the tangent of the angle 
between any one line (which we take as the type of all) and the 
axis of x,’ the equation to the line is 


y= as + k(l + a); 


ATERT A E EY 
+2 
3 v (k — x)’ 


+ 22 +R À 
. n T na a OM 
vail A v (k2 a?) v( x”) 


BME i y = k?, 


the equation to a circle, which the envelope manifestly ought 
to be. 


147.] If the equation representing the family of curves 
involve several, say n, variable parameters, and these para- 
meters are related by (n — 1) other and independent equations, 
which conditions are equivalent to there being only one variable 
parameter, instead of eliminating (n — 1) parameters, and then 
differentiating with respect to the remaining one, and proceed- 
ing as in the last article, the following method is more elegant, 


Let the equation to the family of curves be 
ES Ys A Ba Gs. r E 0, (20) 
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and let the (x — 1) equations of condition be 
Pa? Wire ke 
BS (a, as . . . . tn) = 0, 


(21) 


fiaa lay Wa a e e k) = 0. 


Conceive a, do, 4 ++ + % to vary by very small variations, 
by which means the above equations become 


ag.) da + (FE) daa + PAER ah a i rm) dm= 0, (22) 
th) ae, Ko dat... + (35) da = 0, 

oi a e 
(san t Cie) tm (it) ane 


Then, if v and y be the same in (20) and (22), they refer to the 
point in the envelope where the two particular curves of the 
family intersect; and, therefore, if the several variable para- | 
meters can be eliminated, the resulting equation between x and 
y will represent the locus of the points of intersection, which 
will be the envelope required. 


From Equations (20), (21), (22), (23) we have 2n different 
relations, from which (2 n—1) quantities, viz. æj, co) cy es. &ns 


da day ee in. ot 
wba | —."=!, are to be eliminated; which is, of course, a 


TE OTB: 

possible problem. To solve it, multiply the (n — 1) equations 
in (23) by (n—1) indeterminate multipliers A}, Aps Ags «++ An—is 
and add all and (22) together; by which means there will be % 
conditions involved in one equation; and, therefore, we are at 
liberty to make n new conditions. Let these be that the co- 
efficients of the differentials, viz. da,, da, ... day, be equal to 
zero; whence we have 
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GGO +8 G8) +92 Ce) = 


(22) +m Cf) +5 (8) +4 (Hs) = 
(24) 


Sy 


dF df, df, Cha AN ara 
jay 4). haa) T: ni tA 
and between the Equations (20), (21), and (24), which are 2 
in number, we may eliminate the (2 — 1) quantities, «,, a, ... 
Ans Ayy Àg seses Ani, and ultimately arrive at an equation be- 
tween x and y only, which will be the required envelope to the 
family of curves. 


Ex. 1. A Straight Line of given length slides down between 
two Rectangular Axes; to find the Envelope of the Line in all 
Positions. 


Let k = the length of the line; a and 4 the intercepts of 
the line on the axes of x and y respectively, then the equation 
to the line is 


ee A 
Also we have a + 6? = hk’, (26) — 


Didlrentiating (25) and (26), making a and b to vary, we 
ave 


2 Z, da + db = 0, 


ada 34 bdb=0; 


and multiplying the second of these by an indeterminate multi- 
plier à, and adding, 


(Z + aa) da + (A+ ab) db = 0. 
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oH xv 
Let at rAa=0, q Taa =O, 
pt Ab = 0, f + Ad = 0; 


by addition, 1 + Ak? = 0, 


1 
A= io 
xv a 
a ae a = ahi, 
b 
PE b= yl; y 


Ex. 2. The Equation to the Evolute of a Curve may be found 
by the method of determining envelopes, if we consider it to be 
the curve formed by the intersection of consecutive normals. 


Let y=f(x) be the equation to the curve; then the equation 
to the normal is, Art. 98. Equation (7), 


a-a) 7 7 t (é—2)=0. (27) 


Differentiating, considering n and ¢ the current co-ordinates to 
the normal, 


d 
-ay $4414 40. (28) 
Whence, eliminating z and y between (27), (28), and the 
equation to the curve, the resulting equation will contain only 
n and &, and will represent the envelope of the normals. It is 
easily seen that this method is identical with that explained in 
Art. 120, 


Let us apply the method to determine the Evolute of the 
Ellipse. 


ray =+ (29) 
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147.] 
Then, the equation to the normal being 
Be a A 
E.G) 
we have, in this case, 3 — = = a? — 5, (30) 


differentiating (29) and (30), with respect to x and y, 
da+ $ dy =0, 
a? E 3 ENES 


Using an indeterminate multiplier, and equating the coefficients 
of the differentials to 0, 


Multiplying by x and y, and adding, by conditions (29) and 


(30) we have 
1 + à(@ — b?) = 0; 


2 i (ap t Ot, 
Bie abe ie (a2—b?)3 ; 
(ag)? + bn)? = (@ =È 


which is the equation to the evolute. The manner in which 


the curve is generated is indicated in fig. 51. 
R 
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Ex. 3. To determine the Equation to the Surface formed by 
the continued Intersection of Planes whose Equations are re- 
presented by 


subject to the condition a 


Differentiating the first of these, and taking the logarithmic 
differential of the second, we have 
x z 
Z da + A db + 4 de= 0, 
da, db deg 
a b are 
Hence, using an indeterminate multiplier, adding and equating 
to zero the coefficients of the differentials, 


A 
geek gR 
tg heal Saree rN i 
ee 
r Mar et 
by the first of the equations. 
az 3r, 
b = 3y, 2ayz = k’; 
C= 32, 


which is the equation to the surface. 


For other examples see Gregory’s Collection, chap. xiv., and 
Hind’s Series, chap. xv, Ex. 169—210. 
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CHAP. XV. 


ON CURVATURE OF CURVES IN SPACE, AND OF CURVED 
SURFACES. 


Ir is proposed in the following Articles to apply to curves in 
space, and to curved surfaces, the principles on which was 
founded the discussion of the kindred affection of plane curves 
in Chap. XI., and to deduce some of the simplest properties. It 
is not, however, our intention to enter deeply into the subject, 
as it would require more space than we are able to give to it; 
and, therefore, what follows is not to be considered a scientific 
treatise, but an attempt at proving some propositions which 
most frequently occur, and lie on the surface of the subject. 
For further information the reader is desired to consult Moigno’s 
Calcul Differentiel, and a very elegant paper on curves in space, 
by M. de Saint Venant, xxxme cahier de Journal de [Ecole 
Polytechnique, in which he will find most of the abstruse formule 
connected with the subject interpreted geometrically. 


A. Curves in Space, or Curves of double Curvature. 


148.] On referring to Art. 137. and 139. it will be seen that 
there are two affections of a curve in space which it is necessary 
for us to discuss; one arising out of the inclination to each 
other of two consecutive tangents, the other out of the inclination 
of two consecutive osculating planes. As to the first, two conse- 
cutive elements of the curve may be inclined to each other at a 
finite and determinable angle, on the relation of which to the 
element of the curve at the point in question will depend (see 
Art. 118.) the radius of curvature and the amount of curvature ; 
for what was said in Art. 118. is immediately applicable to this 
case. - The two consecutive elements lie in one plane, viz. the 
osculating plane; and, therefore, if normals to the curve are 
drawn in this plane they will meet, and the distance from the 
Curve at which they intersect will be the radius of curvature of 

R 2 
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the curve at that point- On referring, also, to what has been 
said in Art. 121. on the circle of curvature, and in Art. 145. on 
the osculating circle, it will be seen that a circle may be drawn 
in the osculating plane passing through three consecutive points 
on the curve, and will be a definite circle, and the radius of it 
will be the radius of curvature at the point. We shall in the 
following Articles determine its length, which is called the 
radius of absolute curvature, in both these ways. As to the 
second affection, the position of the osculating plane in general 
changes as the point under consideration moves along the 
curve; for, if it did not change, every four consecutive points 
on the curve would be in the same plane, and the curve would 
be a plane curve. On the rate, then, at which, as we move 
along the curve, the position of the osculating plane changes, 
depends the deviation of the curve from a plane curve. Hence 
arises a new affection, which is called by various names: “ tor- 
sion,” “cambure,” “ flexure,” second curvature.” We shall 
call it torsion. Hence, too, the reason why curves in space are 
called curves of double curvature. This species of curvature, of 
` course, depends on the distance between two consecutive points, 
and on the inclination to each other of the consecutive oscu- 
lating planes drawn at those two points. If, therefore, dw is 
the angle contained between two consecutive osculating planes, 
and ds is the element of the curve, then the torsion varies directly 
as dw, and inversely as ds, and therefore may be represented 


by a function of ca Borrowing, then, from an analogous 
ds = 
property of a circle, it is convenient to represent this function 
1 
by z3 80 that 


1 dw 
ngs? 


i ; ‘ 1 
and R is called the radius of torsion, and z measures the 
amount of torsion. Hence, then, we define, 


Der. The radius of absolute curvature is the distance from 
the curve at which two consecutive normals, drawn in the oscu- 
lating plane, intersect. 
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Der. The radius of torsion is the ratio of an element of the 
curve to the angle at which two consecutive osculating planes, 
drawn at the extremities of the element, are inclined. 


149.] To determine the Radius of absolute Curvature. 


Let radius of absolute curvature = p, and the angle between 
two consecutive tangents or angle of contingence = dr; then, 
if ds be an element of the curve, according to our definition, 


ds = + pdr. (1) 
Now, the direction cosines of one tangent are 
de dy dz 
ds’ ds’ ds’ (2) 


and of the consecutive tangent, 


dy dz dz 
de det hae 
Whence, by the ordinary property of such cosines, 

an dy de 

det ae tds =) 2 


dx? 


Tea dx i ee dy dz a) 
iat AT e Rr AE 


ds ds ds ds 


lds) + (4) (aZ)=1 6) 
But, from (2) and (3), 


cos dr = 1—2 sin? 
_ dx? dy? dz dx dz dy ,dy , dz ,dz 


Bey, i as 


Y = { (4 a) +(4 a) + (az) fs 
4 sin r= (ao) +(a4 Ai +(a5)- ( 


R 3 


(6) 
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And as, when the angle is very small, we may use, indifferently, 
the angle and its sine (see Lemma II. Art. 12.), we have 


dr=+ { (4%) + ie ht Cea 
TEFA (ag) ad) +(aZ) |}. (9) 


Whence, omitting the signs, since we are calculating an abso- 
lute length, differentiating and reducing by means of Equations 
(16)—(19) Art. 139., we have 


1 {(dyd?z —dzd’y)? + (dzd’x—dxd’z) + (dxd?y —dyd’x) š 
T3 i 7 3 (1 0) 
p ds 
_ N(P2} + (dy? + (d2 — (d? (11) 
ds? 


and, if s is taken to be the independent variable, 


1 (@2P4+(Py~ 4+ (@ zy}? 
SO a: 


which may be written under the form, 


ba {65's G+ (EP a) 


As we shall frequently meet with the quantities which are 
symmetrically arranged in the numerator of (10), it will be 
convenient to symbolise them as follows; 


Let dyd@’z—dzd’y = x, 
dz@x—dzrdz= * and x?+ ¥?+ 2? = p?; (14) 
dxkdy —dy@xz= zZ, 


(12) 


6 
whence Pp? = ead s (15) 


150.] Thus, then, we have determined several expressions 
for the length of the radius of absolute curvature, having de- 
fined it to be the distance from the curve at which two conse- 
cutive normals drawn in the osculating plane meet. We pro- 
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ceed to deduce certain properties of it, considering it to be the 
radius of a circle which passes through three consecutive points 
on the curve, and which, therefore, lies in the osculating plane. 
Hence we have the following system of equations, considering 
x,y, z to be the point on the curve at which the circle is drawn, 
E, n, € to be the co-ordinates to the centre of the circle, and p 
its radius. 


E=} + @—yy + E- 27 = e, (16) 
(€—2)dx+(n—y)dy+ (€—z)dz = 0, (17) 
(€ — x) d?x + (n—y) d?y + (€—z) dz = ds*, (18) 
(E—x)X+(m—-y)¥+(C-—z)z2=0; (19) 


(17) and (18) following from (16) by successive differentiation, 
and (19) being the equation to the osculating plane; whence, 
by cross-multiplication between the last three, we have 


(E—2) {da(@y2—@zy) + dx (vdz—zdy)+x(dy@z—dzd y)} 
= ds (ydz—zdy); (20) 
whence, arranging, we have 


(E—2) {x (dyd? z —dzd’y) + Y (dz @x—daxd?z) + z(dx dy —dy d2) 
= ds? (ydz— zdy), 


(€—x)(x?+¥2+4 2?) = d? (ydz— zdy), 

Similarly, (21) 
(n—y)(X?+¥? +2") = d? (Zdx—xd2z) i 
(=z) (x? +Y? +2) = d? (xdy—Ydz). 

But ydz— zdy = dz (dz ď’x—dzx d’z)—dy (dx d’y—dy @ x) 

= (d2 +dy°) d>x—dax (dy d’ y+dz dz) 
= d? d xr— deds ®s 


dx 
es US ak Ñ 
= ds dT? 


and similarly for the other quantities. 
R 4 
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dx 
porn mer 
(E-r) P = ds d Fp 
|: d 
(n—y) P = asd, (22) 
dz 
ue 4g iL iy 3 
(€—z) P = ds iTe 


whence, squaring and adding, by means of (15) and (16), 


ES. day? dy\? dz\? |? (93 

sea (4a) (ap) (17:) } eR 
the same value as (9), and which may be reduced in the same 
way. 

By the equations above we are also enabled to determine the 
direction of the radius of absolute curvature. Let A, u, v be its 
direction angles; then, substituting above in (22) for P? from 
(15), we have 


Pee. Se a sine F 74, 
AB eet | 
re eat See 24 
cos = Poh ee: Se (24) 
dz 
eee eat Age “ds 
p AT i 
and, if s be the independent variable, 
2 
cos A = p ed 
d? 6 
cos y = P ae (25) 
cos y = p ced 
yp Ogg? 
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similar results to those obtained in the discussion of properties 
of plane curves, see Art. 122. It is worth observing, that by 
squaring and adding the several terms of (24), and also of (25), 
the results are in exact agreement with the equations above, 
marked (9) and (13). 


151.] To determine the Radius of Torsion. 


Applying the symbolical notation which we have adopted in 
Equations (14), the equation to the osculating plane is 


x (E-2)+¥(y—y)+2(6-2z)= 0; (26) 


and therefore the direction cosines of its normal are 
3 (27) 


and the direction cosines of the normal of the consecutive 
osculating plane are 


r 


(28) 


Z 
+ d=. 


Therefore, if dw is the angle contained between two consecutive 
osculating planes, following precisely the same method as that 
used to Relecnins dt in Åi; 149., we have 


dona RARE yh (29) 


and, therefore, if r be the radius of torsion, according to what 
was laid down in Art. 148., 


Paar (ssl (ea) a 


_ ds? _ (pdx—xdP pdy—ydp\2. /Pdz—zdP 
A (Aan), (EIE rde), (dezate n 

_ P? (dx? + dy? + dz) — Pdr? (32) 
pt 
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_ (P+ ¥?+2?) (dx? + wich ae (xdx+yYdy+zdz)P 
(33) 


_ (v¥dz—zdy)+(zdx—xdz)+(xdy— ydx) 34 
i Te at) eae eee Gh) 


But, differentiating the several terms of (14), we have 
dx = dy d*z — dzd'y, | 
dy = dzd*x — dx dz, (35) 
dz = dxd*y — dy d*x; 
ydz—zdy =Y (dad*y—dy dx) —2z(dz d'x—dz d*z) 
=da(xd*zx+y¥d*y+ zd?’z)—d’x(xXdz + Ydy 
+ zdz): (36) 
þut xdx + Ydy + zdz = 0; 
ydz—zdy = dx (xd’x + Yd’y + zd?z), (37) 
and similar values for the other terms of the numerator of (34), 


ds? _ d? (xd’x + Yd’y + 2d*z) | l 


ro F Gpp 3 ? 
1 xdx+yd’y+zd’z . 
Mi X rH fd 


Also, by means of (30) and (15), 
ds px pZ 29% 39 
eo (eb) + (4G) e(a pane 
152.] In reference to the values of > and 5, which we have 


determined, it is to be observed that, if Fa 0, the curve 
p 


becomes a straight line; of which the analytical conditions are, 
as is manifest from (10), 
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dy d?z— dua% == @; 
dzd?x — dz d?z = 0, 
dxd*y — dyd? x = 0; 


or, which are equivalent to them, 


dy dz dx 
d 7 = 9; d7.=9, d—= 0; (40) 
conditions which are plainly verified in the case of a straight 
line: and if the curvature lies entirely in one plane, that is, if 
the curve is a plane curve, 


xd3x + Yd°y + zd?z = 0; (41) 


which is the same condition as that determined before in 
Art. 141. 


B, Of Curvature of Curved Surfaces, 


153.] In applying to curved surfaces the principles on which 
we have founded the discussion on curvature of curves plane 
and of double curvature, a difficulty meets us: we have made 
the radius of curvature to depend on the distance from the curve 
at which two consecutive normals intersect; and, in the case of 
curves in space, the two normals are drawn in the osculating 
plane. Now it is to be observed that two consecutive normals 
imply two consecutive elements, and, therefore, at least three 
consecutive points; and the plane containing these three points 
may pass through both these normals, or only one of them, or 
neither of them. Hence we have three distinct cases of curva- 
ture to discuss: the first, when the three points and the two 
consecutive normals are all in one plane, to which, of course, 
our principles are at once applicable; the second, when the 
plane passing through the three points contains one normal ; 
these are called “the two cases of normal sections ;” and the 
third, when the plane contains neither of the normal lines drawn 
at the points through which it passes, which is called the case of 
oblique section. This distinction of three cases is also hence 
manifest: in passing along ds, an element of a curve traced on 
the surface, if the tangent planes drawn at the extremities of 
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ds are such that their line of intersection is at right angles to 
ds, then the corresponding consecutive normals intersect ; but 
if the line of intersection be not perpendicular to ds, then the 
normals will not meet; and if the two consecutive elements are 
such that the plane containing them is not a normal plane at all, 
the curvature of the section must be determined in a manner 
analogous to that whereby we have determined the curvature 
of a curve in space. 

First, then, we propose to determine the curvature of such 
sections as those in which consecutive normals intersect. The 
lines on the surface, along which this property holds good, are 
called lines of curvature. 


Let u=F(2,y,2) = 0 (42) 


be the equation to the surface ; and, for the sake of convenience, 
let us adopt the following symbols, 


i dE d¥\ _ 

dap = Ps T) rhs d= 

dF ) dF ) aE * 

se See cm / n — ~| / =—_ — J 43 

dydz1 ~~"? \dzdx/ ~”? lada e hs 
OT ae NS dys ib mae i ls y 


P? = U? + Vv? + Ww. 


Then the equations to the normal at a point 2, y, z are (see 
Art. 134.) 


poe Rey ie a trici, (44) 
U v w 4 


where Q=-, 


A 
P 
r being the distance of (x, y, 2) from (¢, 7, Y); hence, then, the 
equations to the normal at the next consecutive point on the 
surface are 

x+dr—ġ._y+dy—n _z+dz—& 


oido: yide wedw E (45) 
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And if these two normals meet, £, y, § are the same in (44) and 
(45); whence, multiplying and subtracting, 


dx = vdQ+dvu (2+dQ), 
dy = vdQ4+-dv (Q2+dQ), (46) 
dz = wdQ+dw(Q+dQ); 


whence, eliminating Q and dQ, we have 
(vdw—wdv)dz+(wdu—udw)dy+(udv—vdu)dz= 0, 
(47) 

which, being independent of £, , &, holds good for any point on 
the surface: hence it is the differential equation to a surface by 
the intersection of which with the surface represented by Equa- 
tion (42) a line is formed possessing the property, that the 
normals to the surface at the extremities of an element always 
intersect. The geometrical meaning of (47) is, what has been 
said above, that the line of intersection of two consecutive tan- 
gent planes drawn at the extremities of ds is at right angles 
to the tangent line whose direction cosines are proportional to 
dx, dy, dz. It is also observable that, since the quantities du, 
dy, dw are linear functions of dz, dy, dz, the Equation (47) 
will be of the second order with respect to these quantities. 
Hence there may be, in general, two distinct sets of lines of 
curvature traced at any point of a surface. 


154.] Suppose, now, that the equation of which (47) is the 
total differential is 


=o (48) 
of which the differential is 
udr + Udy + Wdz = 0, (49) 
U, W, Wi being quantities analogous to U, V, W, and similarly 


for the other quantities used in the following articles ; and 
therefore 


vdw—wdv _ wdu—udw _ tdv—vdu | (50) 
_ SE ce OTS AEE sa apa 
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whence, using the multipliers U, v, w, the sum of the numera- 
tors = 0, and therefore 

UU + vU + Ww = 0. (51) 


Whence we conclude, “If two surfaces cut one another in 
their lines of curvature, they cut at right angles.” 


155.] Again, let there be three surfaces whose equations are 
F=0, J=0, 7 =0, (52) 
and let them cut one another at right angles; the conditions 
that this may be the case are, 
uu + Ur + ww = 0, 
uuU+ VV + wWwW=O0, (53) 
U +vU+w®=0. 
But from (52) 
udxz + vdy + wdz = 0, 
udr + Udy + Wdz = 0, (54) 
Udx+ vdy + wdz=0. 


From the first and second of which there result 


dx dy dz j d 
vit — Ow ~ we — tu ~ wi (99) 


= wa — wu = ve — av? 
and, using the factors 
vdw—wdv, wdu-—wdw, twdv—vdu, 

the numerator of (55) will be 
(vdw—wdyv)dx+(wdu—udw)dy+(udv—vdu)dz, (56) 
and the denominator 

p?(Udu+Wdv+Wdw). (57) 
So that each of the ratios (55) is equal to 
dz 


(vdw—wdv) = +(wdu—udw) dy +(udv=vdu) < 
A P E : (58) 


udu + Udv + Widw 
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Similarly, using the factors 
vdw-—wdy, wdu—udw, udv—wdu, 


the same ratios will be equal to 


(Wdwa—widv) of + (wrdu—udes) ©! + (udy-waa) 
uda+vd§+wdw (59) 


But, on differentiating the first of (53), 
udU+vdU+wdw+udu+Udv+Wdw=0. (60) 
Hence, writing 
vdw—wdvy = Pp2da, wdu—vudw = P*dB, ] 
udv—vdu = P?dO, 
udwmi-—widy = pda, wdu—udw =p'dy, l (61) 
adu— du = Pde, 
vdw—wdv = P*da, wdou—udw = P*dB, 
udv—vdu = Pdo, 
and forming quantities similar to (58) and (59), we should have 
the system 
(da+d4)dx+(dB+dp)dy+(d€+dc)dz = 0, 
(da+da)dx+(dp+ds)dy+(dc+dc)dz = 0, (62) 
(da+d@)dx+(dBp+d8)dy+(dc+d€)dz = 0, 
or 
dadx+dBdy+dcdz = 0, 
dadx+dBdy+dC€dz= 0, (63) 
dadx+dpdy+dcdz=0, 
which are the equations to the lines of curvature on the sur- 
faces F, J, F, respectively. Hence, “ If three surfaces cut one 
another at right angles, the lines of intersection of any one of 


the surfaces with the other two are its lines of curvature ;” which 


is Dupin’s Theorem. 
From this it also follows, that the two lines of curvature on 
any surface are perpendicular to one another. 
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156.] There are two cases in which the equation of the lines 
of curvature is satisfied identically. The first of these is when 


in which case, on account of the linearity of the equations, there 
is obviously only one line of curvature. 


Again: since 
vdw — wdy = (vv — ww’) dx + (vu — wv) dy 
+ (vw — wu’) dz; (64) 


hence, eliminating dz between this and the first of (54), and, 
for the sake of convenience, writing 


U / / / 
H = u + — (Uu — vv -ww 
= ) 


v A 
Uae (vv — ww — uu’), (65) 


K 


wW 
a Ea (ww — uu — vv", 


vdw — wdy = VLdz — wKdy; (66) 
! 


and, modifying the other terms of (47) in the same way as 
(66), the equation to the lines of curvature becomes 


U(x —L) dydz+Vv(L—H)dzdx+w(u—Kk)dxrdy=0. (67) 


Hence, if 
Meee ee Te (68) 


the equation to the lines of curvature is satisfied independently 
of dx, dy, dz, and the directions of the lines are consequently 
indeterminate ; and, therefore, where conditions (68) are satis- 
fied, there are an indefinite number of directions along which 
every two consecutive normals intersect. The two equations 
(68), together with the equation to the surface, will determine 
the co-ordinates of the point at which this takes place. But 
since when either U, V, or w vanishes these conditions become 
indeterminate, it will be necessary to make some transform- 
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ations, in order to put them in a determinate form. Suppose, 
K then, that u= 0. Multiplying (68) throughout by uvw, and 
substituting for H, K, L from (65), it appears that when U vanishes, 


vv — ww = 0; (69) 
hence, writing for convenience 


vv — Ww = 0, (70) 
(68) becomes | 


u= v + Z (0-uw/)=w+ Z —o—vww); (71) 


; w v 
whence, using the factors aal there results 
w v 
Vv v + W w— 2u’ 
a= (72) 
parr 
Pra 
Hence the conditions become 
; vw — 2V wu + wv 
a OS ee ee pae E anA 
when U = 0; vv — ww = 0, u= APES ; 
w2u— 2wur’+ Uw 
ae (he | ee ee ED eee Boas wt ho es E 
when v =0; ww’—vuw'=0, v= = er a (73) 


U2v — 2UVw’ + V?u 
ame Che d — ae at ae Pe ee a 
when w=0; Uw — vv'= 0, w= w+ v? 


The points determined by these equations are called umbilici. 
Hence, to find all the umbilici of a surface, we must determine 
all the points at which the general conditions (68) are fulfilled, 
and also find whether there are any points which satisfy any of 
the special systems (73). 


157.] Since, then, there are generally on a surface two lines 
such that the normals at the points (x + dz, y + dy, 2 + dz) 
meet that at the point (z, y, z), we proceed to apply the prin- 
ciples on which we have determined curvature to the case of 
these lines. Let p be the radius of curvature; &, m, & the co- 


S 
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ordinates to the centre; z, y, z, to the point on the surface; then 
we have the following system of equations : 


(@-—EP + (y — n + z- iF =p 
(z — &)dx + (y — n) dy + (œ — §) dz = 0, (74) 
(z — Pr + (y — n) Ey + (e-O@Pz=ds*; 


and, since the centre of curvature is on the normal, 


An S e, EE r E, 
ee = i> (75) 


Vv wW 


each of which equalities is, by virtue of the last of (74), equal 
to 


ds? 


Uds + vd?y + Waz ; (76) 
2 2 2 
r m SOR (77) 


but, differentiating the equation to the surface twice, we have 
Udar + vay + wd?z'+ udg? + vdy + wdz + 2(u'dydz 
+ v'dzdz + w'drdy) = 0; (78) \ 


whence, writing 


dx dy dz 
«heal ier Far, =n, (79) 
we have, neglecting the signs, 

= uP + vm? + wn? + 2(wmn + v’'nl + wilm). (80) 
Also, since 


mv + nw = — lU, (81) 


squaring and transposing, and forming similar quantities in V 
and w, we find the system 
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BU? — m2yv2 — n2 Ww? 
222 = ———_—___—————_. 


Vw a 
my? — n2? W? — Pv? 
tai ee AS (82) 
n?w? — DCU? — my? 
D e E a 
UV 


and, consequently, 
HE + Km + Ln. (83) 


Now, since this radius of curvature is measured along a line of 
curvature, this condition must be introduced ; hence, eliminat- 
ing U, V, W in turn between (67) and the differential equation 
of the surface, we find 


U v wW 
P P 
i(#-= 7) m(x- =) (1-7) 
whence 
U2 y? w? 
ke pT pe Ow) 
H— - K— - L—-— 
P P P 


a quadratic equation, which will determine the two radii of 
curvature corresponding to the two lines of curvature. 


158.] It is also worthy of remark, that 
1g (=) = uldl + Kmdm + Lndn; (86) 
2 \P 


but, taking into account the variations of the radius of curva- 
ture corresponding to the variations of J, m, n, we have 


udl+vdm+ wdn = 0; 


(87) 
ldl + mdm + ndn = 0, 
whence 


vVn—wm wl— un wum-—vl’ 
s 2 
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and, using multipliers H}, Km, Ln, and adding numerators and 
denominators, the sum of the denominators = 0, by means of 
Equation (67), since ds is measured along a line of curvature, 
therefore 


Hldl + Kmdm + Lndn = Q0; 


and, therefore, 
P 
d{-])=0; 89 
C) (89) 


that is, on a line of curvature, the radius is a maximum or 
minimum. Now, the normal sections of greatest and least 
curvature at any point of the surface are called the principal 
sections, and the corresponding radii of curvature the principal 
radii of curvature; hence the lines of curvature pass through 
the principal sections of the surface. 


159.] Having considered the curvature of the principal 
normal sections, it remains for us to determine the curvature of 
any normal section. For this purpose, let l, m,, n,» lps ms, ng be 
the direction cosines of the principal normal planes, and l, m, n 
those of any other normal section, 0 the angle between the 
latter plane and the first principal normal plane; we then have 


the relations 
! 


ul+vm+wn = 0, 
vul,+Vm,+ wn, = 0, (90) 
ul,+Vm,+ Wn, = 0, 


ll, +mm,+nn,=cos 4, 
11,+ mm, +nn,=sin b, (91) 


Ll, + mm, + nn, = 0, 


and consequently 
(mn, — Mn)? + (ml,— n) + (Lm, — lm, = 1. (92) 


Also, returning to Equations (83) and (84), we find 
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Hl? + RM? + un? =”, 
P 
Hll +Kmm +Lnn = i cos 4, (93) 
1 


Hll +Kmm,+Lnn,= 3 sin 6; 
2 


and since, by cross-multiplication from (90), 
U(mng— myn.) + m (rl, — nsl,) + n (Lm, — m) = 0, (94) 


we have, by cross-multiplication from (93), 


P P : 
F (m,n,— m,n, ) + z cos ô (m,n — m n,) + z sin ĝ (mn,—m,n) = 0, 
1 2 
P 
3 (mlo— 79h) + cos 4 (nl —nl,) + > sin ĝ (nl — n0) = 0, 
1 2 


> (hm „m, ) + > cos ô (l m— lm) + sin 0 (Im — lm) = 0; 
1 

| (95) 

whence, multiplying these by 
MN,—MN,, niha — nhs  Lm,—lm, 
respectively, and adding, we find 
2 in2 
1 _ cos 6  sin?6 (96) 


P Pi P2 


which formula will give the curvature of any normal section, 
when the curvatures of the principal normal sections are found. 


160.] Having considered the properties of the curvature 
of normal sections of surfaces, it remains for us to establish 
Meunier’s Theorem, by which we are enabled to calculate the 
curvature of an oblique section from that of a normal section 
through the same point. Suppose that the planes of normal 
and oblique sections pass through the same tangent line, for this 
may always be effected; then, Equation (96) giving any normal 
curvature which is required, the direction cosines, l, m, n, will 

s3 
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ae dl dm dn 
be the same for both sections, although ade? “aes that 
d?e dèy dz 


is, F599 J7? gz? MAY not be so. Now, if à, p, v be the 


direction cosines of the radius of curvature (R) of the oblique 
section, the theory of curves in space gives the following values 
for A, E 
dx d*y dz 
mia FL = Ro» m= T (97) 


hence, if ¢ be the angle between the two planes of section, 


= -2 (ul + vm? + wn? + 2(u'mn-+ v'nl+ w'lm)} 


R 

= zh (98) 
since both lines are on the surface, and must, consequently, 
satisfy its equation; hence 


R = p COs 3 (99) 
that is, the radius of curvature of an oblique section of a surface 
is the projection of the radius of curvature of the normal section, 


which passes through the same tangent line, upon the plane of 
the oblique section. 
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CHAP. XVI. 


ON THE PRINCIPLES OF THE INTEGRAL CALCULUS. 


161.] THERE are two different modes of considering the Inte- 
gral Calculus, as there are of the Differential. One, in which — 
the functions on which we operate are considered to be alge- 
braical expressions, and the processes of differentiation and 
derivation to be analytical artifices, by which one function gives 
rise to another, and this in its turn becomes the parent of 
another, and thus a series of algebraical functions are derived 
one from the other. The other mode of viewing it is that in 
which we conceive the subject matter of the Differential Cal- 
culus to be small quantities or infinitesimals of such magnitudes 
that it requires an infinity of them, and a particular infinity 
according to the partieular infinitesimal, to be added together to 
make a finite quantity. It is under this latter point of view 
that we have considered the Differential Calculus in the pre- 
ceding pages, and have defined it as in Art. 5., and we may call 
it the geometrical method, in contradistinction to the former, 
which may be called the analytical; as it is under the latter 
aspect that the methods of the Calculus are applied to problems 
in Geometry and Mechanics, and under the former to questions 
of Arithmetical Algebra and abstract functions, as has been done 
by Lagrange, in the Calcul des Fonctions, and other works. 

In the analytical method it is plain that every such operation 
as derivation admits of being reversed, and, as one function — 
gives rise to another by derivation, so would this new function 
by a reverse process give rise to the former function, and this one 
again by a reverse process give rise to another function, such 
that its derived function would be the original one ; and thus, by 
a similar process, we might obtain a series of functions so related 
to one another, and in such order, that, were the process re- 
versed, each would be the derived of the preceding one. Thus 
the possibility of the reverse process, which is called Lutegration, 
is involved in that of derivation ; and we employ a symbolisation 
analogous to that used in the Calculus of Derivation. 

8 4 
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Since is the symbol of operation, such that when per- 


formed on f(x) it changes it into f'(x), i. e. since 
d 
4 We) =f) 


sat dyi 
the process reverse to derivation must be symbolised by (5) , 


i. e. by d-! dx, so that the operation symbolised by it being 
performed on f'(x) may change it into f(x), i. e. so that 


d= daf’ (e) = f(a) 


For a reason which will appear hereafter, we symbolise d~! by 


; f; =o that we have 

JEO dx = fle). 
Similarly, l ri f'(a dx =f" (x), 
VAKOLT 


and so on; whereby we have a series of functions formed one 
from the other by a process exactly the reverse of derivation, 


: PrE OM PO SO 


Tt is to be observed, that in this mode of considering the sub- 
ject, the symbol Hi dx must be taken as a complex character, and 


indicative of a certain analytical process to be performed on a 
certain function. 


The other mode of viewing the Differential Calculus being 
that in which we consider it to be the method of analysing any 
given function or quantity into its component elements, which 
are of such a nature that the aggregate of an infinite number 
must be taken to be equal to the finite quantity which has been 
analysed, the Integral Calculus, considering such infinitesimals 
to be already in existence, takes them as its subject matter, 
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operates upon them, and constructs rules and laws for the 
determination of the finite quantities or functions of which 
they are the infinitesimal elements. As, then, the Differential 
Calculus is the mode of resolving a finite quantity or function 
into its elements, so the Integral Calculus constructs rules to 
determine the finite quantity or function of which these are the 
component parts; it takes one of them, which is the general 
type of all, and finds the sum of them. Thus it is essentially a 
method of summation of series, each term of the series being an 
. infinitesimal, and the difference between any two successive 
terms being an infinitesimal of a higher order than the terms 
themselves; and as in the summation of series we can find the 
sum of any number of terms from the law of the series, without 
knowing any other than general values of the first and last 
terms, so from knowing any one term which is a type, as we 
have said, of every term, and therefore gives the law of the 
series, we can find the general value of the sum of any number 
of terms. The process by which this general sum is determined 
is, for an obvious reason, called Integration, and the sum is 
called an Indefinite Integral ; but, if the first and last terms of 
the series be given, then the sum of the terms of the series 
between these two limits can be accurately determined, and 
the sum is called a Definite Integral. 
An example will make this plainer. (See fig. 58.) 


Let y = x°: then, if x be the variable side of a square, y is the 
area of it, and, differentiating the above expression, 


ys Be dz; 


that is, we resolve the square into elements, each of which is 
equal to 22dx. Let oM=MP=2, MN=dz: then, from 
the figure, it is plain, that, as v increases, the area OP, which is 
equal to x”, increases by an area 2xdx (see Ex. 1. Art. 11.), 
that is, by the gnomon SPN; so that we may consider the whole 
square to be made up of gnomonic pieces, such as sPN. Thus, 
then, has the square been resolved by the Differential Calculus. 
And if 0A = a, we should say that the function of x which we 
are considering, viz. x, is finite and continuous for all values of x 
between x =a and x=0. Hence, then, arises the reverse problem : 
having given the small quantity 22d2, with the conditions that 
it is continuous and finite, and is always increasing or decreasing 
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with x between certain limits, to determine, between the same 
limits, the finite quantity of which it is the element; in other 
words, to find the definite integral of 22dzx. In this case, then, 
we have 2xdx a type of every term, and we have the first and 
last terms of the series. Thus, if the limits are x = a and x= 0, 
we have the sum of the series = a°, viz. the square BA; but, if 
the limits are oA = a and oc = b, the sum of the terms of the 
series would be the gnomon DEC, viz. the sum to the highest 
limit less the sum to the lowest limit, i.e. a? — 6% This de- 
monstrates that, in a geometrical point of view, it is always 
possible to determine the function or quantity of which the 
infinitesimal is the component element; and from this it appears, 
though a rigorous proof will be given hereafter, that, if the in- 
definite integral be determined, the definite integral is found by 
subtracting the value of the indefinite integral corresponding to 
the inferior limit from its value corresponding to the superior 
limit. 

162.] The Symbolisation we adopt is as follows. We use, as 
in the Differential Calculus, the symbol d to signify the dif- 
ferential or the element of x or of any function of x, thus dz is 


the element of x; and J ‘(the long S) to symbolise the sum of an 


infinite number of terms, each of which is an infinitesimal. So 
that if ¢(2)dzx, which, it is to be observed, is the algebraical 
product of two quantities, a finite one ¢(#) and an infinitesimal 
dx, be the type of the elements, the sum of an infinite number 
of which it is required to find, the problem is symbolised by 


TOOLE 


and if z) and zare the limits, z, the superior or that corre- 
sponding to the last term of the series, and 2, the inferior or 
that corresponding to the first term, and if r(x) is the indefinite 
integral of ¢(v)dz, then we use the following notation, 


J d= [rO] = ¥@) r e) 
Subjoined are two integrals determined from first principles, 


according to the method indicated in the above Article. In both 
cases suppose v, and 2, to be respectively the superior and 
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inferior limits; and let the difference x, — x, be resolved into z 
equal parts, each equal to dx; whence 


. z,— 2 
Li Lye On, <o dz = 1—_?, 
n 


and the sum of the series is to be found when dz is very small, 
that is, when x is very large; the condition of all the dz’s being 
equal, it is convenient to make for simplicity’s sake, but it is not 
necessary for the truth of the result. 


Ex. 1. 
ff rae = rode + (zo + dx)dx + (a + 2dx)dz +... 


weet {ty + (n — 1) dz\dz 


= (na, + abel) si ee 

1\ (2, —2,)? 

= toht — 2) + (l= =) poche 
Fie 


and if, instead of the particular value x, the superior limit is 2, 
then 


that is, the indefinite integral is > , Which corresponds with 


the result of the Differential Calculus, for a. = zdz; 80 


the definite integral is equal to the value of the indefinite in- 
tegral corresponding to the superior limit less its value corre- 
sponding to the inferior limit. 
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Ex. 2. 


JS “eda = eda + etide + eror2drdz+ ,,, + ertm—ldedy 
To 


= a ( + e+ a e E S dona) dz 


onda a eae | 


5 R dx 


= g% 


ka dx 
Ea Gi met be pee E 
dx 


> e” —] 


n fedez en, 


163.] To prove that, in the general case, if f(x)dx = d. f(e), 
S roun [FO] =e e 
subject to the condition that f'(x) does not changè its. sign 


between the limits z, and z,; and, to fix our thoughts, let us 
suppose f(x) to increase as x increases from 2, to Xp. \ 


but, when dx = 0 = 1, as shown in Art. 19., 


Let us divide the difference x, — x) into n parts, 2, — 2, 
Ly — Lisee.» nXm); then the definite integral is equal to 


the sum of the products 


(a, — o) f(E) + (83 — T) SE) + (Hs — te) PH) + oo es 
coe + (dà aT TDN Ga 

each element being multiplied into the function of x corre- 
sponding to the beginning of the element; then, since f(a»), 
S(@)s -e -ef (€n) are all quantities of the same sign, by Pre- 
liminary Proposition II. the sum of all these products is 
equal to 

(En — Xo) f’ (£o + 8 (tn — %)}, 
2, — x, being the sum of all the elements, and f’ {x, + 4(a,—2)} 
being a mean value of the functions. 
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; Let «x, — z= h, in which case the sum of the series be- 
comes 
hf"(ay + Oh); 
which, by the theorem enunciated in Art. 51., is equal to 
S (£o + h) —f (a) = S En) — S (0) 
wf Fedr =f) -sE 


and, therefore, the definite integral of f’(x)dx between the 
limits x, and x, is the value of the indefinite integral, viz. f(z), 
when x = xp, less its value when 2 = 2. 


It is also to be observed, that in the series above, which is 
expressed by the definite integral, the value of f'(x) correspond- 
ing to the superior limit is excluded, but that its value corre- 
sponding to the inferior limit is included. — 

If the superior limit z, were x, x being any value of the 
variable, subject only to the condition that f’(x) is finite and 
continuous, and does not change sign between v and x, then 
the integral becomes 


S (€) — f Œ); 
and, as f (x ) is a constant which would disappear in differentia- 


tion, we have the indefinite integral under the form and 
symbol 


SPF @da =F) 


If, however, between the limits for which we have to calculate 
the integral, f'(x) changes sign, we must calculate separately 
the values of the integral when f'(x) is positive and when it is 
negative. 

Hence, then, the problem of the summation of a series of 
these infinitesimals resolves itself into this: viz. to determine the 
function which being differentiated would produce the function 
which is the type of all the terms of the series which we have 
to sum; and the process by which we arrive at this new func- 
tion is called, as we before said, Integration, and the new 
function the Indefinite Integral. Hence, then, it appears that 
the process by which this is determined is the reverse process 
of Differentiation; and, therefore, all the rules for differentiation 
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which have been constructed in Chapter II. may be reversed, 
and will in that case constitute the rules of the Integral Cal- 
culus. 

It is unnecessary, then, to add more, as we have brought the 
subject of definite integration to the point where the ordinary 
treatises on the Integral Calculus commence; and the rules 
given in them, and the results arrived at, are as true under the 
view here taken of the subject as under the other system. 


164.] We proceed to give some geometrical. applications of 
the theory of definite integration, as we shall hereby be enabled 
to complete the subject of the Application of the Calculus to 
Geometrical Problems. 

RECTIFICATION OF CURVES. 
A. Plane Curves referred to Rectangular Co-ordinates. 

Since, by Equation (6) Art. 97., 

: 5 dy? 
ds = (d +da} = (1 + sa dat, 


if it be required to find the length of the curve between points 
on a curve corresponding to abscisse x and 2), we must deter- 


mine “4 Z from the equation to the curve in terms of z, and then 


the length will be equal to 
dy’ 
gh ( l T Ja tt dx. 
B. Plane Curves referred to Polar Co-ordinates. 
Since, by Art. 112. Equation (3), 
> gay} } 
= 2 DNS) meses 
ds = (dr? + r°d6?)b= (r? + Piha dð, 

we must, by means of the equation to the curve, express r and 
d 
dé 


” in terms of 6; and if 8 and 4, be the values of 0 correspond- 
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ing to the extremities of the curve whose length is to be found, 
the length 
ae 3 drang 
=f, (C+ T) A 


C. Curves in Space. 


If it be required to determine the Length of a Curve of double 
Curvature, since, from Art. 139. Equation (17), 


1 dy? dz?\4 
ds = (dz? + dy? + dz*)'= (1 +55 + Ta dz, 
if x and x, be the values of x corresponding to the extremities of 


the are whose length is to be determined, then, having found cy 


dz. ES 
and 2E. in terms of v, from the equations to the curve, the 
dx 


length of the arc is equal to 


SA OP at. 
A (1455 + Sea) de. 

If it be more convenient to make the general term of the series 
which we have to sum, viz. ds, a function of any other variable, 
as e. g. of y, or 7, or z, the necessary substitutions must be made, 
and the same result will be arrived at. 

_ For examples, see Gregory’s Collection, Integral Calculus, 
chap. ix. sect. 2. 


QUADRATURE OF AREAS. 


A. Plane Areas and Rectangular Co-ordinates. 


165.] The principles of definite integration which we have 
discussed will also enable us to determine the area of a plane 
superficies contained between given lines, whether they be 
straight or curved, that is, to compare it with the area of a 
square; whence arises the name quadrature. 


Suppose, now, the area to be resolved into a number of small 
infinitesimal areas, as in fig. 59. each of which is equal to dy dz, 
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then the whole area will be equal to the sum of all these between 
limits which are assigned by the particular form and positions 
of the boundary lines; that is, if A = the whole area, 


A = f J dy dz, 


integrating first with respect to one variable, and then with 
respect to the other, the order of integration being usually 
indifferent. But, as the limits between which these integrations 
are to be performed depend on the data of each particular 
problem, we can only give general hints as to the method to be 
followed. 


Suppose, then, it is required to find the area OMABT, 
fig. 59. 


Let the equation to the bounding curve APB be 


y = fe), 
OA =, OM = 7, 
AB= J, f ME=¥y, f 


where x and y refer to E any element of the area; then, if 
MN = dx, UR = dy, the area of E = dady, and the area OAB 
is the sum of all these elements. 


Suppose we integrate first with respect to y, considering x to 
be constant: the effect of this process will be, that all the 
elements are added together which are contained between the 
lines PM, QN; and as we have to take account of the whole 
area PMNQ, we must integrate from y = PM = f(x), which is 
the superior limit, to y = 0, which is the inferior limit. Thus, 


(2) x 
ee it dyda = f {yy dz 
e090 a 0 


= [f@) dx; 


which last expression is the value of the differential slice PMNQ, 
which is the type of every similar slice between 0 and AB. All 
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these, then, must be summed again from v = OA = a tox = 0; 
that is, we must integrate as follows 


A = f“ gedz. 


Let it not be supposed that any inaccuracy of result arises 
from the circumstance that the differential slice is an- imperfect 
rectangle at the point P where it meets the curve; for, though 
the real value of MPQN lies between 


F(x) dx and f(x + dz) dz, 
yet the difference between these two, viz. 
{fC + dx) — fŒ) de = f'e) d, 


is an infinitesimal of a higher order, and therefore may be 
neglected. 


Had the order of integration been reversed, and we had 
integrated with respect to x first, we should have calculated the 
area of a slice such as TSRU, and the superior limit would have 
been oA =a, and the inferior limit OK = some function of y 
dependent on the equation to the curve, say ¢(y); so that 


A = J {a-p} dy, 


which again must be integrated from y= 6 to y= 0, and the 
result will give the true value of the area. 


Bearipg in mind that the process of integration is that of 
summing a series, of which the function to be integrated is the 
type of the terms, and the limits are the first and last terms, it 
is easy to apply the principle to every particular case. As 
suppose, for instance, it is required to find the area ASBR, in 
fig. 60. The element x = dy dx; integrating which with respect 
to x, from z=0OL to x=OK, we shall have the area TSRU; 
and having determined x in terms of y to.the curve BRA, say 
x = f(y), and = OK = ¢(y) to the curve BTA, we have 


a= [tfly)—e(y)} dy; 


which must be integrated again with:respect to y, from the value 
x 
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of y at B to its value at a, which must be determined by the 
points of intersection of the curve. 

If the axes be oblique, inclined to each other at the angle a, 
then the element of the area = dy dx sin w, and the processes 
of integration must be performed in the manner indicated 
above. 


B. Plane Areas referred to Polar Co-ordinates, 


166.] Consider r and ô to be the polar co-ordinates to E, any 
element of the area, fig. 61.; then, if sE=7, ESX = 4, the 
element = rdr dô, and if the whole area = 4, 


A= (frards; 


the integration being performed between the assigned limits. In 
this case we had better integrate first with respect to r, and 
afterwards with respect to 4; because, although every area may 
be resolved into triangular elements, such as PSQ, it may not 
admit of being analysed into circular rings; and, if we have to- 
estimate the area included between s and P, the limits of r will 
be its particular value at P, say f(#), and 0; 


o 
A= SET db. 
1 J r>d9, between proper limits, is the value of the \ 


sectorial area swept out by the radius vector. If, howeyer, we 
have to estimate an area such as that contained between the 
two curves TR and PQ, in fig. 62., then the first integration 
with respect to r must be taken between the limits r = SP and 
r= SR. 


For examples on these two Articles, see Gregory’s Examples 
on the Integral Calculus, chap. ix. section 7. 


C. Curved Surfaces. 


167.] Suppose it is required to find the Area of a Surface such 
as that drawn in fig. 63. Then, resolving the surface into elements 
such as PQ, by means of planes parallel to the co-ordinate planes 
and infinitely near to one another, i.e. at distances dx and dy 
apart, we thus determine the area of PQ. Its projection on the 
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plane of (xy) is dy dz; and, since in the limit the inclination of 
PQ to the plane of (x y is the same as that of the tangent plane, 
PQ is inclined to the plane of (xy) at, according to the notation 
of Art. 133. Equation (13), 

(5) 


EAE. 
ORORO 


And if the equation to the surface be given in the form 


z = f(x,y), 


cos—! 


then, see Art. 133., 


2 
area of PQ = (1 ate o N dydx; 


= surface =f{f( s5 = +ga) dyde. 


The integration being performed in the order and between the 
limits assigned by the conditions of the problem. 


If the Surface be one of Revolution, we can determine its area 
with greater facility by the following method. 


Consider OPB, fig. 64., to be the curve by the revolution of 
which round omx the surface is generated. Let OM = xz, 
MP = y, MN = dz, PQ = ds. Then, resolving the surface of 
revolution into circular annuli, such as that generated by the 
revolution of PQ round ox, the surface of each annulus is 
2nyds, and the whole surface will be the sum of such annuli 
between the assigned limits. If, therefore, y = TAR be the 


equation to the generating curve, ds = ( 1 + os F dz; and 


T 2 
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if x and x, be the abscisse corresponding to the limits of the 
surface, 


TE AN | 
then S =f Qry ( ee SH) da. 


For examplės, see Gregory’s Collection, Integral Calculus, 
chapter ix. section 4, 


CUBATURE OF SOLIDS. 


168.] First, let us consider a Solid referred to rectangular 
co-ordinate Axes, as in fig. 63., and divided into elemental paral- 
lelepipedons by planes parallel to the co-ordinate planes. Then, 
if x y z are the co-ordinates to any element of the solid, dx dy dz 
is the volume of the element; and if the whole volume = v, 


v= [ff dzdy dz, 


the integration being performed in such order as the problem 
admits of, and between the limits which it requires. As, for in- 
stance, suppose the solid to be such as that delineated in fig. 63. 
Let us integrate first with respect to z, the superior limit being 
the value of z to the surface, which is determined by its equa- 
tion, and the inferior limit being zero. The result of this inte- 
gration will be the volume of the prism PN, which will be the 
type of all such similar prisms, into which the solid may be 
resolved. Then, integrating with respect to y from y = MR to 
y = 0, we shall obtain the value of the whole differential slice 
SRM, of which the thickness is dx; and, lastly, integrating with 
respect to z, between the necessary limits, we shall obtain an 
expression for the content of the solid, which is the sum of all 
such differential slices, as SRM. 


If the elements of the solid are referred to polar co-ordinates, 
we determine the content of an element as follows. Suppose 
the solid resolved, as in fig. 65., by planes passing through the 
axis of z, and inclined to each other at an angle dø; and then 
by small planes drawn through the origin at right angles to 
these planes, and inclined at angles 4 and 64 d9 to the axis of z. 
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Let, then, A0Q = ¢, COE = §, OE = r; then the content of 
the element E is dr.rd§.r sin §d9; 


Pere | =f{f{fr sin ôdr dô dẹ; 


and integrating with respect to r, 4, ¢ in order, and between the 
assigned limits, we shall be able to determine the volume of 
the solid. 


And if the Solid be one of. Revolution, it may be analysed 
more easily as follows. Suppose the solid to be generated by the 
revolution of the area (fig. 64.) OBA round ox. Let om = 2, 
MP = y, and resolve the solid into circular slices by drawing 
planes perpendicular to the axis of revolution at distances dx 
apart. Then the content of each differential slice is ry’ dz, 
where y is the ordinate to the generating curve. If, therefore, 
y = f(x) be the equation to the curve, and x x, are the extreme 
values of z, i, e. the limits of integration, then 


ver f (fide. 
For examples illustrative of these processes of definite inte- 


gration, see Gregory’s Collection, Integral Calculus, chapter ix. 
section 3. 
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